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Cesamenko A.1. I1po cTiiiKicTh 00EpTaHHS y CEPEOBUIIII 3 OIOPOM CUCTEMH JABOX MpPY-
HO 3B’sA3aHUX TipockomiB Jlarpanxka 3 ifeanbHO0 pianHO0— KBamidikamiiiHa HayKoBa
npats Ha TIpaBax pyKOMUCY.

Jlucepraiiist Ha 3400yTTsI HAYKOBOTO CTYIEHs TOKTOpa (hismocodii 3a cremniaabHICTIO
113 IIpuknaana matemaruka (I'any3p 3Hanp 11 MaremaTuka Ta cTaTUCTHKA) — [HCTUTYT
MIPUKJIAIHOT MAaTEMATHUKH 1 MEXaHIKU HAIlIOHAJIBHOT akajaeMii Hayk Ykpainu, Uepkacu, 2023.

HucepTartiiina poOoTa NMpUCBSYEHA JTOCTIHPKEHHIO aCUMIITOTUYHOI CTIHKOCTI 00ep-
TaHb Y CEPE/IOBHUIIl 3 OTIOPOM HEBUIBLHOI CUCTEMH JABOX MPYKHO 3B’sI3aHUX TipocKoriB Jla-
rpaHXka Ta CUCTEMHU JBOX IMPYKHO 3B’SI3aHUX TIPOCKOIIB JlarpaHxa 3 0ceCUMETpUYHUMHU
MOPOKHUHAMMU, SIK1 IOBHICTIO 3alIOBHEHI 171€aIbHOI0 HECTUCIMBOIO P1IUHOIO.

HageneHuii ornisii cyd4acHOTro CTaHy JOCHIIKYBaHOI y poOOTi MpoOjaeMu CBIIYHUTH
PO T€, UI0 IIHUPOKI MOKIMBOCTI MPAKTUYHOT O 3aCTOCYBAHHS PE3YJIBTATIB AOCTIIKEHb M0-
TpeOyIOTh aHAIITUYHOI'O BU3HAUEHHSI OCHOBHUX BJIACTUBOCTEH 0OEpTaHHS y CEpEIOBUIII 3
OIIOPOM CHCTEMH JBOX MPYXKHO 3B’ sI3aHUX T1POCKOIIB Jlarpanka Ta CUCTEMH IBOX MPY>KHO
3B’s13aHUX TipockoriB Jlarpanxa 3 171eaJIbHOI0 PIAMHOI, OCKUIBKH IIs1 MOJIEIb 100pe B10-
Opakae BIACTHUBOCTI 0araThOX peaibHUX MEXaHIYHHUX 00’ €KTIB.

JIOCTOBIpHICTb OTPUMAHUX PE3YNIbTATIB MIATBEPIKYETHCS MOPIBHAHHIM 3 BIIOMHUMU
y JIITepaTypl pe3yabTaTaMH.

BukoHaHi aHaTITHUYHI TOCTIKEHHS TTOKa3aJIu JJOCUTh BUCOKY €PEKTUBHICTh OTpUMa-
HUX YMOB CTIAKOCTI.

Po6ora B LI710My HOCUTH TEOPETHYHMIA XapaKTep, ajle HAYKOBE 3HAUEHHS PE3YJIbTATIB
Ta MPAKTUYHA IIHHICTH POOOTH MOJIATAE B MOXKIIMBOCTI 1X 3aCTOCYBaHHS y POOOTI KOHCTPY-
KTOPCHKHX OI0pPO, HAYKOBO-AOCIIIHUX 1HCTUTYTIB Ta MIANPUEMCTB, 110 3aiMAIOTHCS MPOE-
KTYBaHHSIM 1 PO3PaXyHKOM MEXaHIYHHUX 00’ €KTIB, MTOB’I3aHMUX 3 00EPTAHHSIM y CEPEIOBHIIII
3 OMOPOM CHCTEM TBEPAMX TUI Ta CUCTEM TBEPAMX TUI 3 PIAUHOIO B MAIIMHOOYyBaHHI,
aBlaliifHIA Ta KOCMIYHINA TEXHILI.

Y BeTynHiii yacTuH1 poOOTH MPEACTABICHO aKTYaJIbHICTh TEMHU JOCIIKEHHS, BU-

3HAYCHO 00 €KT Ta mpeaAMET ,IIOCJ'Ii,ZI)KGHHH, 3arajibHO OKPCCJICHO BI/IKOpI/ICTaHi MCTOAH Ta
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3B'SI30K pOOOTH 3 HAyKOBUMH IporpaMamu, i Temamu. CPopMyab0BaHO METY 1 mepepaxo-
BaHO 3a/1a4i JocuikeHHs. HaBeneHo HayKoBY HOBU3HY OTPHMAaHUX PE3YJbTATIB 1 IPAKTH-
YHE 3HaYEHHs pe3yibTaTIB JIOCIIIKEHHS, 30KpeMa y po3poO1li Ta KOHCTPYIOBaHHI MEXaHi-
YHUX 00’ €KTIB B PAKETHO-KOCMIYHIN TEXHIIll. ABTOPOM 3a3HAYEHO OCOOMCTHI BHECOK B CITi-
JBHUX MyOMiKamisfx - 6 crareil B HAyKOBHX KypHajiax Ta 10 Te3 y mpaisix MDKHApOIHUX
HayKOBUX KoH(pepeHiiit. [TepepaxoBano HaykoBi KOHGEPEHITIT Ha SKUX TPOBOMIIACS aIlpO-
Oarrist pe3yabTaTiB IUISIXOM JOMOBIICH 1 0OTOBOPEHHSI TOCTIKEHb.

Y nepmomy po3aisii HaBeIEeHO KOPOTKY 1ICTOPiI0 BUBYEHHS MMUTAHb, PO3TJISHYTHUX B
JUcepTallii, a TAKOX BIJIOM1 pe3yJIbTaTH, 1[0 BUKOPUCTOBYIOThCA B nucepTaiii. HaBenenuii
OIJIsI Cy4acHOr0 CTaHy PO3B’SI3aHHS 3aJa4 JIMHAMIKU Ta CTIMKOCTI oOepTaHHS y cepeno-
BHUIL(1 3 OIIOPOM CUCTEM MPYKHO 3B'I3aHUX TBEPJMX T T CUCTEM TBEPJUX TLI 3 P1IUHOIO
CBIIYUTH MPO T€, IO 11l 33]a4i 1€ HE BUPILIEHI i NOTPEOYIOTh MOAAIBIINX aHATITHYHUX Ta
YUCEIBHUX JOCTIKEHb, OCKIJILKM BOHU MAaIOTh HE TIILKU TEOPETUYHUN IHTEPEC, a 1 BEJIUKE
NPaKTHYHE 3HAYCHHS.

Y apyromy po3aijii HaBeACHO MMOCTAHOBKY 3aJ1adl PO PyX y CEPEAOBHUILI 3 OIOPOM
HEBUTBHOI CUCTEMU JIBOX MPYXKHO 3B’S3aHMX TIpOCKOIB Jlarpanka 3 HECTUCIUBOIO PiIu-
HOIO, @ TAaKOX Ha MiJICTaBl PIBHAHb PYyXy cHCTeM 3B’s3aHux ripoctaTiB [1.B. Xapnamoa

BUBE/ICHI PIBHAHHS PyXY MEXaHIYHOT CUCTEMH, KA PO3TIIIAETHCS:
(Ji @ +h) +ms, x (@ x8, +@,%xC,) =
:(mlcl T mZSl)g xv+L -L +M +M,;, -Da,
(J, @, +1,) +MC, x (@, xS, + @, xC,) =
=m,C,gxv+L,+ M, + M, —-D,m,. (1)
Tyt J, =diag(A,A,C,) — Tensop iHepuii TBepaoro tina S’ i pimuau BizHOCHO ToukH O, ;

A = ,oiJ‘ri xU,d7 — ripocTaTHuHMIT MOMEHT; U, — BEKTOP BiJHOCHOI IIBUAKOCTI PiIvHM B
T

MIOPOKHUHI 7,; TOYKOIO To3HaueHa abcomorHa noxigua; S, = 0,0, ;¢

Maca 1 IeHTp Mac Tuia S, .
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Jo piBHsHB (1) mOTpiOHO 100ABUTH PIBHSHHS PIBHSHHS PyXY PIAUMHU Y TOPOKHUHI

%+(ui VU + 2@, x U, + @, x T, + @, x (@, x T, ) +V, :—in’i—VU +vAU,  (2)
P

divu;=0B 7, U, =0 (u,-n, =0 mpu v, =0) Ha ..

~

He P, — tuck B nopoxHuHi 7,; U — noTeHmiag MacoBUX CUJI (MacoBl CUJIM BBAXKAIOThCS I10-

TCHIIIHUM); \/i — npuckopeHHs Touku O, ; X, — rpaHuLs o0acTiz, .

3a nonomororo ¢yHkiii crany C.JI. CobomneBa miis ieanbHO1 00epTOBOI PIUHN BU-
Be/ICHI PIBHSIHHS 30ypPCHOI0 PYXy Y CEPEIOBHII 3 OIIOPOM CUCTEMH JIBOX IMPYKHO 3B’s13a-
HUX TipockomiB Jlarpamka 3 JOBUIbHUMH OCCCHMUTPHYHUMHU MOPOKHUHAMH, IO MICTSATH
17IeaJIbHY PIIMHY:

A1’771 +(ic~:1 + D1)7}1 +uy, + Zains.lrn = (8,9 —k — k)7,

A£772+(iéz+D2)7}z+ﬂ771+za2nS£n = (8,9 —Kky)75, 3)
n=1

N2(S, —i4 S, )+a, Q=0 (n=123, ..,00;i=12). (4)

TYT ﬂ’m = 2a)Oi/K

2 _ 2 . . . coe . . .
o N = L Vv, d7 , KOMIUIEKCHI BJIaCHI BEKTOpHI (pyHKUIi V,, Ta BIINOBIAHI
I

iM BIIaCHI 4UCNA K, .

A BIINOBIAHE XapaKTEPUCTHUHE PIBHSAHHA 30ypeHoro pyxy (3) i3 ypaxyBaHHSIM OC-
HOBHOT'O TOHY KOJIMBAHHSI 1J1€aIbHOT PITMHU BUKJIAJIEHO Y BUTJISA/II TIOJIIHOMY 6-TO CTYTICHS:
a1’ +(as +ibs ) A° +...+(a, +ib ) A +a, +ib, =0. (5)

PosrisiHyTo pizHi Bunaaku piBusHHs (5), a came: BUIIAZ0K BIACYTHOCTI PiIUHH B TIEp-
IIIOMY TBEPJIOMY T, Y ApYromy ado0 y JBOX TBEPAMX T, BUIMAJIOK BICYTHOCTI MOCTIHHUX
MOMEHTIB y 1HEpIIHHINA a00 HEelHepLIHIA cucTemMax BIJJIIKY, BUIAJ0K YHIBEPCAIHHOTO
MPY>KHOTO LIApHIPY Ta BUMAJO0K BIJCYTHOCTI JUCHIALIL 1 TOCTIMHMX MOMEHTIB. 3700yTe
XapaKTePUCTUYHE PIBHSHHA € TOYHUM JJISl €INCOigaNbHUX 1 COPOKYCHO €MINCOiTalbHUX
MOPOKHUH 1 HAOJIMKEHUMU JIJIS BCIX 1HIIMX OCECUMETPUYHHUX MOPOKHUH JJI1 YTOUHECHHS

AKUX CJI1J] BpaXOBYBaTH JOJATKOBI TOHU KOJIMBAHHS 1]1€aIbHOI PIIUHHU.
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Y Tperbomy po3aisi Ha MiICTaBl XapaKTEPUCTUYHOTO PIBHIHHA (5) y BUNAAKY BiJI-
CYTHOCTI PIJIMHU y IBOX TBEPAUX TL1 1 Ha OCHOBI1 Kputepis JIbenapa-Illinapa, 3anucanoro y
IHHOPHOMY BUIJISIZIl OTPUMAaHI Ta aHAJIITUYHO JOCIIKEH] YMOBU aCUMIITOTUYHOI CTIHKOCTI
PIBHOMIpHUX 00€pTaHb y CEPENOBHUIII 3 OTIOPOM CHCTEMH JBOX MPYXKHO 3B’SI3aHHUX T1pOC-

komiB Jlarpamka. 1{i ymoBU mpejcTaBieH] y BUTIISAIL:

l,=[A|=a,>0, (6)
a, -b, -a,
l,=[A,]=]0 a, —b,|>0, (7)
CH _bz -
CH _bs &, b1 8y
0 a -b, -a Db
l,=|A;|]=|0 0 a, -b, —a[>0, (8)
0 a3 _bz -4 bo
a3 _bz -4 bo 0
a b, -a, b a 0 O
0 a, -b -4 a, O
0O 0 a -b -a Db a
l,=|A,]=|0 0 0 a -b, —a by|>0. (9)
0 0 8 -b, —a b O
0O a -b, -au b, 0 O
a, b -4 bb 0 0 O

I Ha OCHOBI LIMX YMOB PO3IJISAAETHCS MOXIIMBICTH CTaOLII3alli HECTIMKOro 00ep-
TaHHS y CEPEIOBUIIN 3 OMOPOM Tipockorma Jlarparka 3a T0MOMOTror0 JIPYroro TipocKoma y
BUIIAJIKY BIJICYTHOCTI TTOCTIMHMX MOMEHTIB B 1HEPIlIaIbHIN CHUCTEMI (F’1 =P, = 0). A came
3rigHo 3 HepiBHOCTEH (7)-(9) BUNKMCYIOTHCSA Y HAOIMKCHHI TOCTATHHO BEIMKUX 3HAYCHHSIX
KyTOBOI IIBUJIKOCTI @,, YMOBH CTaOLIi3aii:

{kl +k >80, (10)
k,>48,0.

Takox y IbOMY PO3AUTI JOCTIKYIOTHECS YMOBU aCUMIITOTUYHOI CTIMKOCTI PIBHOMI-

pHOr0 O0EpTaHHs y CEPENOBHILI 3 OMOPOM Tipockorna Jlarpanxka Ha miaBicCi:



2 6 5
l, 0"+ 1,0+ 1,,>0, |0+ 0 +..+ 1 ,,0+1,>0,
8 7
0" +1,,0" +.. 4+ 1,,0+1,,>0), (11)

r r I L3 r 2 r r ) [ L4 r I
K 4+ 15 >0, I K+ 1K+ 1k +15, >0, Lk + 1,k +...+ 1k +1,,>0. (12)

—~

Lok, + 1y >0, Tk + 1o k2 + 1K, + 1 >0, L kS + LK +..+ 1k, +1,,>0. (13)

Jlns mepeBipKU OTPUMAHUX YMOB aCUMIITOTUYHOI CTIMKOCTI OYB PO3TIISIHYTHI B1/10-
MUH B JIITEpaTypl BUMAJOK BIAPOHKEHHS MIJIBICY Y CTPYHY. Y IIbOMY BHIIaJIKy MU MAa€EMO
JIBI YMOBH CTIMKOCTI. [Ipyra ymoBa CTIMKOCTI 301ry1acs 3 BiIOMOIO YMOBOIO, a Tiepiia yMOBa
y cTaTTi Oyja npomnyiieHa. ¥ ¢l OTpUMaHl yMOBU aCUMIITOTUYHOT CTIMKOCTI 1 HEOOX1/IHI yMO-
BU CTIMKOCTI IIPH BIACYTHOCTI AMCHNALIT MPOCTI Ta 3pY4Hi /Il IPOBEACHHS YUCEIbHUX J10-
CJTiJI’KEHb.

OTpumani y TpEThOMY PO3/I1JI1i YMOBH CTIMKOCTI Ta cTa0OUI13a1lii MOPIBHIOIOTHCS 3 aHa-
JIOTTYHUMHU YMOBAMH 3a BiJICYTHOCTI JIMCHITAIII1.

Y 4derBepTOMY PO31iii y3araibHIOIOTHCS OCHOBHI pe3yJIbTaTU TPETHOTO PO3ALTY Ha
BUIIAJIOK JBOX ripockorriB Jlarpanxa, siki MICTSTh JOBUIbHY OCECUMETPUYHY TOPOKHUHY 3
171eaTbHOF0 HECTUCIIMBOIO PiTMHOI0. 3 YpaxyBaHHSIM OCHOBHOTO TOHY KOJINBaHHS 11€alTbHOT
PIAMHY OTPUMAaHI Y BUTJISIII CUCTEMHU I’ SITH HEPIBHOCTEW YMOBU aCUMIITOTUYHOI CTIMKOCTI
piBHOMIpHUX 00epTaHb. L{1 yMOBH BUNKCaH1 BIIHOCHO KIHETUYHUX MOMEHTIB MEPIIOro abo
JAPYroro ripOCKOIIIB, BIIHOCHO KYTOBHX IIBHJIKOCTEW TPOCKOIIIB, @ TAKOK BITHOCHO Koe(i-
IIEHTIB MPY>KHOCTI c(pepuuHUX mapHipiB. PO3rIAHYTI yMOBU CTIMKOCTI MU PI3HUX BHUIAI-
Kax BiJICYTHOCTI OCTIHHUX MOMEHTIB B IHEpIIiiHIN Ta HEIHEPIIHHIN cUCTeMax BiAJIIKY, IPH
BUIIAJIKaX BUPOHKEHHS c(hepruyHuX MapHipiB y mapHip ['yka. Po3riasiHyTo MOKIUBICTD CTa-
O1113a11ii HECTIMKOro 0OepTaHHs y CEPEIOBUIII 3 OIIOPOM Tipockoria Jlarpanxa 3 11eabHOI0
PIAMHOO 3a JOMOMOT OO IPYTOro TipocKona, akuit ooepraerses. OTprMaHi J0CTaTHI YMOBU
Ha Koe(IIleHTH MPY>KHOCTI MAPHIPIB 1 MEPIIN TOH KOJUBAHHS PIAMHYU Y JOBLIBHIN OCeCH-
METPUYHINA MOPOXKHUHI MIPHU SKUX 3aBXKIU OyAe MOXKJIMBA CTaOUTI3aIls MIPU BETUKUX 3HA-
YEHHSIX KYTOBOi IIBUJKOCTI APYroro ripockona. Jlo gocTraTHiX yMoB, siKi Oyiu paHilie
OTPUMAH1 y TPETHOMY PO3JIUII TOAAETHCA YMOBA Ha MEPIINM TOH KOJMBAHHS PiIMHU, BIH

Mae Oytu Oulble oauuuLl. Ha npukiazal enincoigalbHOI NOPOKHUHM MOKA3aHO, 1110 BOHA
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MOBUMHHA OYTH CTHCHYTa B3JI0BX OcCl oOepTaHHs. OTpUMaHi yMOBH CTa0LIi3a1lii MOPIBHIO-
I0ThCS 3 aHAJIOTTYHUMH YMOBAMH 3a BIICYTHOCTI aucunaiii. [Tokazano, mo npu BiICyTHOCTI
JMCHIIAII] elincoiganbHa MOPOKHIUHA MOXKE OyTH HE TIIbKU CTUCHYTA ajie i BUTATHYyTa. Y
bOMY € TPUHIMIIOBA PI3HUI B IIMX JBOX BUMAAKaxX. Po3risHyTO 3amady mpo CTIHKICTD
piBHOMIpHUX 00epTaHb Ha MiABICI Tipockomna Jlarpamxka 3 ieabHOIO0 PIAMHOIO B CEpeo-
BHUIIll 3 onopoM. [IpoBeeHO aHaMITUYHI TOCHIKEHHS BIUTUBY PIAMHH, TPYXHOCTI IIapHi-
piB, MaCOBHX Ta IHEPLIMHUX XapaKTEPUCTHUK MiJIBICY HA YMOBH CTiiikocTi. OTprMaHi yMOBHU
MOPIBHIOIOTHCS 3 YMOBAaMH CTIHKOCTI 3a BI/ICYTHOCTI JIUCHIIAITI].

Knrouosi cnosa: HeniHiiHi 3BU4aiiHl audepeHIiiaabHl PIBHIHHSI PyXYy CUCTEMHU JBOX
TBEPJIUX TUI, MIPYKHICTh, MABIC, CEPEIOBUIIE 3 OMOPOM, Tripockomnu Jlarpanxka, HeNliHIAHI
nudepeHIianbHl PIBHIHHS PYXY 1/1€aJbHOT HECTUCIMBOIL PIANHU, 10BLJIbHA OCECUMETPUYHA
MOpPOKHUHA, PIBHOMIPHI OOEpTaHHS, JIiHEapu3allis, BUIbHI KOJMBAaHHA, KpailoBa 3ajaua,
BJIacH1 (DYHKIIIT 1 BJIACHI YKCIIa, CIEKTpaJibHA 33/1a4a, JIYUIbHA CUCTEMA 3BUYAHUX Tu(e-
pEHIIIaIbHUX PIBHSHB, ENINCOiAabHA TOPOKHUHA, TTepInii MeTo 1 JIsmyHoBa, aCHMITOTHU-

YHa CTIMKICTb, cTaOLII3aIls.



ABSTRACT

Ya.l. Sviatenko On the stability of rotation in a resistive medium of a system of two
elastically connected Lagrangian gyroscopes with an ideal fluid.

Qualifying scientific work presented as a manuscript.

Thesis for the degree of Doctor of Philosophy in specialty 113 Applied Mathematics
Institute of Applied Mathematics and Mechanics of the National Academy of Sciences of
Ukraine, Cherkasy, 2023.

The thesis is devoted to the study of the asymptotic stability of rotations in a medium
with resistance of a non-free system of two elastically coupled Lagrangian gyroscopes and
a system of two elastically coupled Lagrangian gyroscopes with axisymmetric cavities that
are completely filled with an ideal incompressible fluid. The given review of the current
state of the problem investigated in the work shows that the broad possibilities of practical
application of research results require an analytical determination of the main properties of
rotation in a medium with resistance of a system of two elastically coupled Lagrangian
gyroscopes and a system of two elastically coupled Lagrangian gyroscopes with an ideal
fluid. because this model well represents the properties of many real mechanical objects.

The reliability of the obtained results is confirmed by comparison with the results
known in the literature.

The performed analytical studies showed a fairly high efficiency of the obtained
stability conditions.

The work as a whole is of a theoretical nature, but the scientific significance of the
results and the practical value of the work lies in the possibility of their application in the
work of design bureaus, research institutes and enterprises engaged in the design and
calculation of mechanical objects related to rotation in the series applications with the
resistance of systems of solid bodies and systems of solid bodies with liquids in mechanical
engineering, aviation and space engineering.

The introductory part of the work presents the relevance of the research topic,
defines the object and subject of the research, generally outlines the methods used and the
connection of the work with scientific programs and topics. The goal is formulated and the

tasks of the research are listed. The scientific novelty of the obtained results and the practical
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significance of the research results, in particular in the development and construction of
mechanical objects in rocket and space technology, are presented. The author has indicated
a personal contribution in joint publications - 6 articles in scientific journals and 10 theses
in the proceedings of international scientific conferences. The scientific conferences at
which the results were evaluated through reports and discussion of research were listed.

In the first chapter provides a brief history of the study of the issues discussed in the
dissertation, as well as known results used in the dissertation. The given review of the
current state of solving the problems of dynamics and stability of rotation in a medium with
resistance of systems of elastically connected solid bodies and systems of solid bodies with
liquid shows that these problems have not yet been solved and require further analytical and
numerical studies, since they have not only theoretical interest, but also great practical
importance.

In the second chapter, the formulation of the problem of motion in a medium with
resistance of a non-free system of two elastically coupled Lagrangian gyroscopes with an
incompressible fluid is presented, and based on the equations of motion of systems of
coupled gyrostats by P.V. Kharlamov, the equations of motion of the mechanical system

under consideration are derived:
(J @ +10) +m,s x (@ xS, +@, xC,) =
=(mgc, +ms)gxv+L - L+ M, +M, -Da,
(J, @, +h,) +MC, x (@, xS, + @, xC,) =
=m,C,g ><V+|_2+|\/|2q+|\/|2p—D26()2. (1)
Here J, =diag(A,A,C,) — tensor of inertia of a rigid body S° and fluids relative to a point

O; A4 = pijn x u,dz — gyrostatic moment; u. — vector of the relative velocity of the fluid

Ti

in the cavity r,; absolute derivative is indicated by a dot; s, =00, ;¢c,=0C,; m i C, —
mass and center of mass of the body S, .

To equations (1), you need to add the equation of the fluid movement equation in the

cavity z;:
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%+(ui VU 420, x U + @& ¥ T, + @, x (@, < 1) +V, :—iVIsi—VU +vAL,  (2)
Pi

divu;=0B 7, U, =0 (u,-n, =0 mpu v, =0) Ha ;.
Where P. — pressure in the cavity z,; U— the potential of mass forces (mass forces

are considered potential); V, — point acceleration O.; =. — the border of the region ..

Using S.L. Sobolev's state function for an ideal rotating fluid, the equations of
disturbed motion in a medium with resistance of a system of two elastically connected
Lagrangian gyroscopes with arbitrary axisymmetric cavities containing an ideal fluid are
derived:

A1’771 +(iél + D1)7}1 +uy, + Zains.l'n =(8,0 -k — k),

n=1

A;772+(iéz+D2)72+ﬂ771+Za2nS£n = (8,9 —K;)7,, 3)
n=1
N2(S, —il S )+a Q=0 (n=1273,..,0;i=12). (4)

Here A4, =2, /k

in?

N2 :j_vfndr, complex eigenvector functions v, and their

corresponding eigenvalues «;, .

And the corresponding characteristic equation of disturbed motion (3) taking into
account the fundamental tone of oscillation of an ideal fluid is written as a polynomial of
the 6th degree:

a A’ +(as +ibs ) A° +...+(a, +ib) A +a, +ib, =0. (5)

Different cases of equation (5) are considered, namely: the case of the absence of
liquid in the first solid body, in the second or in two solid bodies, the case of the absence of
constant moments in inertial or non-inertial frames of reference, the case of a universal
elastic hinge, and the case of the absence of dissipation and constant moments. The obtained
characteristic equation is accurate for ellipsoidal and sofocal-ellipsoidal cavities and
approximate for all other axisymmetric cavities, for the clarification of which additional
tones of oscillation of an ideal liquid should be taken into account.

In the third chapter, on the basis of the characteristic equation (5) in the case of the

absence of liquid in two solid bodies and on the basis of the Lenard-Schipar criterion, written
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in innor form, the conditions of the asymptotic stability of uniform rotations in a medium
with the resistance of a system of two elastically connected connected Lagrange gyroscopes.

These conditions are presented in the form:

l, =|A,|=a,>0, (6)
a, -b, -a,
l,=|A,|=|0 a, —b,|>0, (7)
G _bz —a
8 _b3 &, b1 8y
0 a, _b3 —a, b1
l;=|A;|]=|0 0 a -b, —a[>0, (8)
0 a -b, —a bo
a3 _bz -4 bo 0
a, b, -a, b a 0 O
0 a -b, -4 a, O
0O 0 a -b -a b a
l,=|A,]=|0 0 0 a -b, —a hb>0. (9)
o 0 a -b -a b O
0O a -b, -a4 b, 0 O
a, b -a b, 0 0 0O

And on the basis of these conditions, the possibility of stabilizing unstable rotation in
an environment with resistance of the Lagrangian gyroscope with the help of a second
gyroscope in the absence of constant moments in the inertial system is considered

(F’1 =P, = O). Namely, according to inequalities (7)-(9), the stabilization conditions are writ-

ten in the approximation for sufficiently large values of the angular velocity w,, :

kl + k2 > élg’ (10)
k, >4d,0.

Also in this section, the conditions of asymptotic stability of uniform rotation in a medium
with resistance of a Lagrangian gyroscope on a suspension are investigated:
I, + lyw+1,>0, l,0° + 1@ +..+ | o+ 1, >0,

8 7
g0 +1,,0" +..+ 1, ,0+1,,>0), (11)
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[k, + 1 >0, Tk + T k2 + Tk +1, >0, LK +ik!+..+k +1,,>0. (12)
LK, + 1y >0, I KS + 1,k2 + 1K, + 1oy >0, TkS + 1 kS +..+ Lk, +1,,>0. (13)

To verify the obtained conditions of asymptotic stability, the well-known case of the
revival of a suspension in a string was considered in the literature. In this case, we have two
stability conditions. The second stability condition coincided with a known condition, and
the first condition was omitted in the article. All obtained conditions of asymptotic stability
and necessary conditions of stability in the absence of dissipation are simple and convenient
for conducting numerical studies.

The stability and stabilization conditions obtained in the third section are compared
with similar conditions in the absence of dissipation.

In the fourth chapter summarizes the main results of the third section for the case
of two Lagrangian gyroscopes containing an arbitrary axisymmetric cavity with an ideal
incompressible fluid. Taking into account the fundamental tone of oscillations of an ideal
fluid, the conditions of asymptotic stability of uniform rotations are obtained in the form of
a system of five inequalities. These conditions are written relative to the kinetic moments of
the first or second gyroscopes, relative to the angular velocities of the gyroscopes, as well
as relative to the coefficients of elasticity of the spherical joints. The conditions of stability
in various cases of the absence of constant moments in inertial and non-inertial frames of
reference, in cases of degeneration of spherical joints into Hook's joints are considered. The
possibility of stabilization of unstable rotation in a medium with resistance of a Lagrangian
gyroscope with an ideal fluid by means of a second rotating gyroscope is considered.
Sufficient conditions for the coefficients of elasticity of the hinges and the first tone of fluid
oscillation in an arbitrary axisymmetric cavity are obtained, under which stabilization will
always be possible at large values of the angular velocity of the second gyroscope. To the
sufficient conditions, which were previously obtained in the third section, a condition for
the first tone of the liquid vibration is added, it must be greater than one. Using the example
of an ellipsoidal cavity, it is shown that it must be compressed along the axis of rotation.
The resulting stabilization conditions are compared with similar conditions in the absence
of dissipation. It is shown that in the absence of dissipation, the ellipsoidal cavity can be not

only compressed but also stretched. There is a fundamental difference in these two cases.



13

The problem of the stability of uniform rotations on the suspension of a Lagrangian
gyroscope with an ideal fluid in a medium with resistance is considered. Analytical studies
of the effect of fluid, elasticity of hinges, mass and inertial characteristics of the suspension
on stability conditions were carried out. The obtained conditions are compared with stability
conditions in the absence of dissipation.

Key words: nonlinear ordinary differential equations of motion of a system of two
rigid bodies, elasticity, suspension, medium with resistance, Lagrangian gyroscopes,
nonlinear differential equations of motion of an ideal incompressible fluid, arbitrary
axisymmetric cavity, uniform rotations, linearization, free oscillations, boundary value
problem, eigenfunctions and eigenvalues, spectral problem, calculus system of ordinary
differential equations, ellipsoidal cavity, Lyapunov's first method, asymptotic stability,

stabilization.
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