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Motivations

A presentation of various mathemati
al stru
tures is one of the most important and

useful ways to spe
ify them in pra
ti
e. The most well-known are the presentations of

groups, semigroups, and �nite automata by generators and de�ning relations between

them. In the 
ontext of presentation theory, there are various problems, many of whi
h

have signi�
ant appli
ation value.

In the resear
h of the linguisti
 presentation of �nite automata without output,

a spe
ial presentation of the automaton (the 
anoni
al system of de�ning relations)

was proposed, and the problem of 
hara
terization (
omparing this automaton with the

referen
e automaton only by its presentation) was solved. This solution used a spe
ial

pro
edure for transforming the presentation to the 
anoni
al system of de�ning relations

of the referen
e automaton.
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Motivations

It is natural to want to extend the results to other obje
ts that are similar to

automata. In our opinion, it would be logi
al to try to extend the results to deterministi


graphs, in
luding their sub
lass, strongly deterministi
 graphs, for the following reasons:

Labeled graphs are widely used in 
omputer s
ien
e to des
ribe and model various


omputational pro
esses. The most studied are �nite dire
ted graphs with labeled

edges (Labeled Transition System, weighted automata, �nite automata et
). There

are many 
omputational pro
esses in programming, roboti
s, model veri�
ation,

whi
h are naturally presented by graphs with labeled verti
es, in
luding deterministi


graphs.

Su
h graphs have a 
ertain resemblan
e to �nite automata with no output.

To study the stru
ture of obje
ts that 
an be modeled by vertex-labeled graphs

(in
luding deterministi
 and strongly deterministi
 graphs), one or more mobile

agents with limited memory are often used and pla
ed in the obje
t under study.

This method of presentation of a graph is very 
onvenient for su
h a resear
h.
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Results

1

We propose a linguisti
 presentation of deterministi
 and strongly deterministi


graphs using two sets of words, the �rst set des
ribes the 
y
les of graph and the

se
ond set des
ribes their leaf verti
es.

2

We propose an algorithm (AP-algorithm) that, given a pair of word sets that meet


ertain 
onditions, either 
onstru
t a strongly deterministi
 graph or reports that it

is impossible to do so (in other words, the pair of sets is not 
orre
t).

3

We also found a 
riterion for sets of words, a

ording to whi
h, if this algorithm

builds a graph, this graph will ne
essarily be strongly deterministi
.

4

Similarly to the 
anoni
al system of de�ning relations, we propose a spe
ial de�ning

pair, whi
h is 
alled 
anoni
al.

5

The numeri
al 
hara
teristi
s of the power of the 
omponents of the 
anoni
al

de�ning pair and the lower bounds on the volume of these 
omponents are found.

6

We also propose sub
lass of strongly deterministi
 graphs for whi
h the volume of

the �rst 
omponent of the 
anoni
al de�ning pair is most likely to be maximal.
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Main de�nitions

We 
onsider undire
ted, �nite, non-empty, 
onne
ted, vertex-labeled simple graphs

G = (V ,E ,X , ξ(V )), where V is the set of verti
es of the graph, E is the set of its

edges, ξ(V ) : V → X is a total fun
tion for labeling the verti
es of a graph by symbols

of a �nite alphabet X = {x1, . . . , xp}. The value of ξ(V ) for a vertex v is 
alled the label

of v . The set of all words of �nite length in the alphabet X (in
luding the empty word

ε) is denoted by X ∗
. Let p, q ∈ X ∗

, then the 
on
atenation of p and q is denoted by pq.

Let p = x ′1 . . . x
′

k (x ′i ∈ X ), then the length of the word p is denoted by d(p). Let E (v)
denote the set of verti
es adja
ent to vertex v : v ′ ∈ E (v) ↔ (v , v ′) ∈ E , the degree of

a vertex v is the number |E (v)|. A vertex of degree 1 is 
alled leaf.

We 
onsider deterministi
 and strongly deterministi
 graphs. A labeled graph G is


alled deterministi
 (or D-graph) if all verti
es in open neighborhood of every its vertex

have di�erent labels. A deterministi
 graph G is 
alled strongly deterministi
 (or SD-

graph) if all verti
es in 
losed neighborhood of every its vertex have di�erent labels. In

other words, a deterministi
 graph 
an have two adja
ent verti
es with the same label,

but this 
annot happen in an strongly deterministi
 graph.
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Main de�nitions

Let's �x some vertex v0 ∈ V of the D-graph G = (V ,E ,X , ξ(V )), whi
h we will


all the root vertex, this vertex will be highlighted in the notation of the D-graph if

ne
essary: G = (V ,E ,X , ξ(V ), v0). Sin
e the path p = v ′1 . . . v
′

k uniquely 
orresponds

to a word ξ(p) = ξ (v ′1) . . . ξ (v
′

k), then we will 
onsider the path p as ξ(p) and denote

it by the equality v ′1ξ(p) = v ′k . The path (or word) p = x ′1x
′

2 . . . x
′

k is 
alled valid

for vertex v ′1 ∈ V if ξ(v ′1) = x ′1, and there exist verti
es v ′2, . . . , v
′

k ∈ V su
h that

ξ(v ′2) = x ′2, . . . , ξ(v
′

k) = x ′k , and (v ′1, v
′

2), . . . , (v
′

k−1, v
′

k) ∈ E . Let p = x ′1 . . . x
′

k . The

inverse of p (x ′k . . . x
′

1) is denoted by p−1
.

All the verti
es of a given D-graph G = (V ,E ,X , ξ(V ), v0) 
an be divided into two


lasses by the following pro
edure: remove all leaves verti
es from G other than the root

vertex, along with the edges in
ident to these verti
es. This pro
edure will be repeated

as long as possible. The graph B(G ) obtained in this way is 
alled the base of the graph

G , the verti
es in
luded in B(G ) are 
alled base verti
es, and those verti
es of G that

are not in
luded in B(G ) are 
alled free verti
es.
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Result 1 - de�ning pair for D-graphs and SD-graphs

It is desirable that su
h a presentation satis�es the following 
onditions:

The presentation of graphs should be similar to the presentation of automata.

The presentation of SD-graphs must be similar to the presentation of D-graphs, but

the 
on
epts, algorithms, et
. proposed by us must preserve the strong determinism

of graphs (i.e., all transformations performed on a graph known to be strongly

deterministi
 must not deprive it of its strong determinism).

Further, we assume that all paths in the graph start from the root vertex. By the term

¾pair¿ {C , L}(x ′) we mean two �nite sets of words C and L that satisfy the 
onditions:

1

Ea
h word of the set C begins and ends with the symbol x ′.

2

Ea
h word of the set L begins with the symbol x ′.

3

The length of ea
h word of C is greater than 2.

The sets C and L are 
alled 
omponents of the pair {C , L}(x ′). If ea
h word of ea
h


omponent of the pair {C , L}(x ′) does not 
ontain a sequen
e of two identi
al symbols,

then su
h a pair is 
alled strong.
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Result 1 - de�ning pair for D-graphs and SD-graphs

Let's state the requirements that a D-graph G = (V ,E ,X , ξ(V ), v0), whose alphabet
X 
oin
ides with the set of all symbols that appear in words from both 
omponents of a

pair {C , L}(x ′), is 
onsidered a presentation of this pair:

ξ(v0) = (x ′).

All words from C and L are valid for v0.

Ea
h word p ∈ C des
ribe the 
y
le v0p = v0 in G .

For ea
h word q ∈ L the vertex v0q is leaf in G .

For ea
h leaf vertex v ∈ V that is di�erent from the root vertex v0, there exists at

least one word q ∈ L su
h that v0q = v .

For any pair {C , L}(x ′), either no presentation exists or this presentation is uniquely

determined.

At the same time, several di�erent pairs 
an 
orrespond to the same presentation.
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Result 2 - linear order �

Fix on X the linear order <: x1 < x2 < · · · < xp.

We de�ne the linear order � on X ∗
:

1

For all xi ∈ X , where 1 ≤ i ≤ p, let xi � xi .

2

For all p, q ∈ X ∗
, if d(p) < d(q), then p � q.

3

For all p, q ∈ X ∗
, if p = x ′1 . . . x

′

s , q = x ′′1 . . . x
′′

s , x
′

1 = x ′′1 , . . . , x
′

k−1 = x ′′k−1 and

x ′k < x ′′k , then p � q.
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Result 2 - AR-algorithm

Let G = (V ,E ,X , ξ(V ), v0) be some vertex-labeled graph. A redu
tion of G is

a pro
edure that transforms G into a graph [G ] using the following algorithm (AR-

algorithm):

0) Set V ′ = V ,E ′ = E , ξ′(V ′) = ξ(V ), denote by G ′ = (V ′,E ′,X , ξ′(V ′), v0).
1) For all v ∈ V ′

, we �nd the shortest word w in � that 
orresponds to the path from

v0 to v . Asso
iate v with w .

2) Sort the verti
es of the graph G ′
by their asso
iated words in order �. The 
urrent

vertex vc is the �rst vertex in the spe
i�ed order, and the 
urrent label is x = x1.

3) If there are su
h di�erent verti
es v ′1, . . . , v
′

q for whi
h the 
onditions v ′1, . . . , v
′

q ∈
E ′(vc) and ξ′(v ′1) = . . . = ξ′(v ′q) = x are simultaneously satis�ed, then we denote

U = {v ′1, . . . , v
′

q} and perform the following sequen
e of a
tions:
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Result 2 - AR-algorithm

3.1. add a new vertex v ′ to V ′
and set ξ′(v ′) = x ;

3.2. remove the edges (vi , vj) from E ′
, where vi , vj ∈ U ;

3.3. for all (vi , vj), where vi ∈ U , add (v ′, vj ) to E ′
;

3.4. remove the edges (vi , vj), where vi ∈ U , from E ′
, remove v from V ′

, where v ∈ U ;

3.5. if v0 ∈ U , then the vertex v ′ is renamed to v0 and we 
onsider this vertex as root;

3.6. remove the repeating edges, preserving only one 
opy of ea
h;

3.7. go to step 1.

4) If there exists x ′ ∈ X that is next to x in order < (i.e., x 6= xp), then set x = x ′ and

go to step 3.

5) If there exists v that is next to vc , then set vc = v , x = x1 and go to step 3, otherwise

the AR-algorithm �nishes and [G ] = G ′
.
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Result 2 - AP-algorithm

We de�ne an AP-algorithm that, given a pair {C , L}(x ′), either 
onstru
t the D-

graph G ({C , L}(x ′)) or shows that it is impossible to 
onstru
t a D-graph that meets


onditions (a) � (e).

0) Initially, the graph G ({C , L}(x ′)) 
onsists of a single vertex v0 labeled ξ(v0) = x ′.

1) For ea
h word pi = x ′x i1 . . . x
i
nx

′ ∈ C we add verti
es v i1, . . . , v
i
n with labels x i1, . . . , x

i
n

and edges (v0, v
i
1), (v

i
1, v

i
2), . . . , (v

i
n−1, v

i
n), (v

i
n, v0). After ea
h su
h addition, we redu
e

the resulting graph by AR-algorithm.

2) For ea
h word pj = x ′x
j
1 . . . x

j
n ∈ L, we add verti
es v

j
1, . . . , v

j
n with labels x

j
1, . . . , x

j
n,

edges (v0, v
j
1), . . . , (v

j
n−1, v

j
n) and redu
e the resulting graph by AR-algorithm.

3) We 
onsider all the words of L: if there exists p ∈ L su
h that the vertex v0p is not

leaf, then we assume that the graph G ({C , L}(x ′)) does not exist.
4) For ea
h leaf vertex v ∈ G ({C , L}(x ′)), we 
onsider the words of the 
omponent L:

if there is no su
h p ∈ L that v = v0p, then we assume that the graph G ({C , L}(x ′))
does not exist.
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Result 2

If, as a result of this pro
edure, it is possible to 
onstru
t the graph G ({C , L}(x ′))
from a pair {C , L}(x ′), then su
h a pair is 
alled 
orre
t. In the AP-algorithm, the �rst

and se
ond stages 
reate a 
ertain graph, whi
h, if the 
he
ks in stages 3 and 4 are

su

essful, is the graph G ({C , L}(x ′)). If at least one of the 
he
ks in stages 3 and 4

fails, then we assume that the graph G ({C , L}(x ′)) does not exist.
It is easy to see that if the pair {C , L}(x ′) is 
orre
t, the graph G ({C , L}(x ′))

satis�es requirements (a) � (e), any proper subgraph of G ({C , L}(x ′)) does not satisfy

requirement (b), and any proper supergraph of G ({C , L}(x ′)) satis�es requirements (a)

� (
), but may not satisfy requirements (d) and (e). So, if the pair {C , L}(x ′) is 
orre
t,
then the graph G ({C , L}(x ′)) is the smallest in
lusion graph that meets the requirements

(a) � (e), so we 
onsider it a presentation by the pair {C , L}(x ′).
A 
orre
t pair {C , L}(x ′) is 
alled de�ning for a D-graph G if G ({C , L}(x ′)) ∼= G .
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Result 2 - example

Let C = {12341, 142451}, L = {152125423, 14523}(1). Figure 1 (a) shows the

graph obtained after exe
uting step 1, Figure 1 (b) shows the graph obtained after

exe
uting step 2. In this graph, the verti
es v0152125423 and v014523 are leaves, so the


he
k in step 3 is su

essful. For the sele
ted vertex v with label 1, there is no word

p ∈ L su
h that v0p = v , i.e., the 
he
k in step 4 fails, so the graph G ({C , L}(1)) does
not exist.

Note that for a pair {C , L′}(1), where L′ = L
⋃

{1521}, the graph G ({C , L′}(1))
exists, it is shown in Figure 1 (b).

5

а) 0V

V

4 3

3

2

2 2

1
b)

5

0V

4 3

3

2
1

2

Figure 1. Illustration of the pro
edure for 
onstru
ting a D-graph for a given pair
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Result 3

Theorem 1. If {C , L}(x ′) is a 
orre
t strong pair, then the graph G ({C , L}(x ′)) is
strongly deterministi
.
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Result 4 - 
anoni
al de�ning pair

Let G = (V ,E ,X , ξ(V ), v0) be a D-graph and V = {v0, . . . , vn−1}. Let's de�ne

the auxiliary set of words in the alphabet X . The rea
hability basis of VG is the set of

words {w1,w2, . . . ,wn}, where for ea
h vertex vi there exists a word wi ∈ VG , su
h that

v0wi = vi , and for any w 6= wi from v0w = vi , it follows wi � w . The spanning tree of

a graph G , de�ned by the basis VG , is denoted by T (VG ) or T (G , v0). For ea
h vertex

v ∈ V , we denote by spv a word from VG su
h that v0spv = v .
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Result 4 - AC-algorithm

Let's des
ribe the algorithm (AC-algorithm) for 
onstru
ting the de�ning pair {ΣG ,ΛG}
for a D-graph G , whi
h, due to some of its properties, we 
all 
anoni
al.

First, we set ΣG = ∅ and ΛG = ∅. If the graph G 
onsists of a single vertex v0, then

we set ΣG = ∅, ΛG = ∅ and VG = {ξ (v0)}.
Suppose a graph G 
ontains more than one vertex. First, we add to the set ΛG all

words w ∈ VG su
h that the vertex v0w is a leaf vertex of G . After that, for ea
h pair of

words p, q ∈ VG \ ΛG , if neither of them is a pre�x of the other and v0pq
−1 = v0, then

we add one of the two words pq−1
or qp−1

to the set ΣG , whi
h is lower in the order

� (hereafter, the verti
es v0p and v0q
−1

are 
alled the generators for the word pq−1
or

qp−1
that was added to ΣG ).

Theorem 2. G ({ΣG ,ΛG}) ∼= G .
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Result 5 - metri
 properties of the 
omponents of a 
anoni
al de�ning pair

Let's further assume that the D-graph G = (V ,E ,X , ξ(V ), v0) has n verti
es and

m edges. This se
tion presents estimates of the power (i.e., in our 
ase, the number of

elements) and volume (i.e., in our 
ase, the sum of the lengths of all words) of ea
h


omponent of a 
anoni
al de�ning pair: |ΣG |, |ΛG |, ‖ΣG‖, ‖ΛG‖. Hereafter, the notation
⌈x⌉ denotes the smallest natural number, that is not less than x .

Theorem 3. |ΣG | = m − n + 1.
Theorem 4. If m = n− 1 (i.e., G is a tree), then 1 ≤ |ΛG | ≤ n− 1. If m > n− 1,

then 0 ≤ |ΛG | ≤ n − ⌈32 +
√

9
4 − 2 · n+ 2 ·m⌉, and all estimates are attainable.

Theorem 5. Let G be a tree. Then: 1) ‖ΣG‖ = 0;

2) n ≤ ‖ΛG‖ ≤ ⌈n
2+2n
4 ⌉, and these estimates are attainable.

Theorem 6. Let G is not a tree. Then ‖ΣG‖ ≥ 4(m − n+ 1), and this estimate is

attainable.
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Result 6 - �ower graph

Let's 
onsider an upper bound on the volume of the �rst 
omponent of the 
anoni
al

de�ning pair for a graph that is not a tree. Let's 
onsider the following graph F has n

verti
es and m edges, whi
h we 
all the ¾�ower graph¿.

When �nding the upper bound of |ΛG | in Theorem 4, we found δ(n,m) = ⌈32 +
√

9
4 − 2 · n+ 2 ·m⌉, whi
h is the minimum number of verti
es in a 
onne
ted simple

graph G , su
h that |ΣG | = m− n+1. We divide all the verti
es of the graph F into two


lasses. The �rst 
lass (in�ores
en
e) 
onsists of verti
es that are generators for words

in ΣF , the in�ores
en
e 
ontains δ(n,m) verti
es. The se
ond 
lass (the stem) 
ontains

the remaining n − δ(n,m) verti
es. If n > δ(n,m), then the stem is a line with one end

being the root vertex and the other end 
onne
ted by an edge to one of the verti
es

of the in�ores
en
e (we 
all this vertex in the in�ores
en
e the re
epta
le). There are

no other edges between the stem and the in�ores
en
e. If n = δ(n,m), then the root

vertex be
omes the re
epta
le. The in�ores
en
e 
an be a 
omplete graph Kδ(n,m), then

µ(n,m) = 0. Otherwise, µ(n,m) denotes the number of edges whose addition to the

in�ores
en
e makes it a 
omplete graph.
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Result 6 - �ower graph

Let's �nd µ(n,m). The 
omplete graph Kδ(n,m) 
ontains

δ(n,m)(δ(n,m)−1)
2 edges, the stem 
ontains n− δ(n,m) edges, and the graph F 
ontains m

edges. Thus µ(n,m) = δ(n,m)(δ(n,m)−1)
2 − (m − n + δ(n,m)). If µ(n,m) > 0, then there

are no edges between the re
epta
le and some µ(n,m) other verti
es of the in�ores
en
e,
and there is an edge between any other verti
es in the in�ores
en
e. Let's illustrate the

above de�nitions in Figure 2.

0

2

4

3

6

5

1

Figure 2. Flower graph F , that has 7 verti
es and 14 edges.
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Result 6 - �ower graph

For the �ower graph shown in Figure 2, n = 7, m = 14, δ(n,m) = 6, µ(n,m) = 2,
the stem 
onsists of the root vertex 0, the in�ores
en
e in
ludes verti
es 1, . . . , 6, the

re
epta
le is the vertex 1, and the in�ores
en
e la
ks edges (1, 5) and (1, 6).

Let's �nd ‖ΣF‖ for a �ower graph F , that has n verti
es and m edges.

Theorem 7. Let F is �ower graph with n verti
es and m edges. Then:

‖ΣF‖ = (δ(n,m) − µ(n,m)− 1)(δ(n,m) − µ(n,m)− 2)(n − δ(n,m) + 2)+

+µ(n,m)(µ(n,m)− 1)(n − δ(n,m) + 3)+

+µ(n,m)(δ(n,m) − µ(n,m)− 2)(2n − 2δ(n,m) + 5).

Currently, we are investigating the upper bound on the volume of the �rst 
omponent of

the 
anoni
al de�ning pair for any graph. The largest su
h estimate we have found so far

is for a �ower graph. We have developed software prototypes of the algorithms proposed

in this presentation. The tests did not deny the hypothesis that the largest upper bound

on the volume of the �rst 
omponent of the 
anoni
al de�ning pair is that of the �ower

graph.
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Thank you for your attention!
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