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Statement of the Problem

We study the problem aimed at constructing the solutions

Z(t) e D?[a;b], Z'(t) e L?[a;b], Z(t) e R**P

of the matrix integral-differential system

DZ(t) = ZZ(t) + F(t), (1)
with the boundary condition

LZ()=2A, Aec R~
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Statement of the Problem

Here, D is the differential operator
P

DZ(t) =) i Ri(t)Z'(t)S(t) : D?[a; b] — L?[a; b],

i=1 j=1
T is the integral operator

b

IZ(t) == o(t) / [A(S)Z(s) + B(s)Z’(s)]\U(t) ds : D?[a; b] — D?[a; b],
a

d(f) € RV, A(t),B(t) € R™, W(t) € R¥I R(t) € R,

Si(t) € R¥*9 and F(t) € R are matrices whose elements belong

to the space D?[a; b] of functions that are absolutely continuous in
the interval [a; b),

LZ(-) is a linear bounded matrix functional,
LZ()): D2[a b] — RM". 5M?J
Generally speaking, we assume o # 3 # v # 5 #n # X # L.
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Generalized Green'’s operator of the Cauchy

problem

Let us define the operator
A= MB: R™" - R™

as an operator that associates the matrix B € R™*" with a column-

vector MB € R™" composed of n columns of the matrix B, we also
define the inverse operator

MTIA R™N — R

which associates the vector A € R™".

Denote the natural basis ) ¢ R7<#, j = 1,2 ... 3. n of the space
R7<# and

(SEMATI,
R ,

=0 er*P j=1,2, .. a-8

denote the natural basis of the space R**5,
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Generalized Green'’s operator of the Cauchy

problem

The solution of the system (1) is sought in the form
a-fB .
Z(t) =Y =0y(1), y(t)eR', y(t) e R*?,
j=1

where the operator MDZ(t) = D(t)y'(t) : R**F — R is deter-
mined by the matrix

ap p q

e RO D)= R(HZHGi(h).

i=1 j=1

ot = {20}

k=1
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Generalized Green'’s operator of the Cauchy

problem

The operator MZZ(t) = Md(t)CoW¥(t) : R**8 — R is determined
by an unknown constant matrix

o= [ [Aw)2(5) + B9Z/(9)] 05 7

n-B
Co=) oV geR! ¢eRr™,
Jj=1
In this case,
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Generalized Green'’s operator of the Cauchy

problem

The problem of constructing solutions of the Eq. (1) is equivalent to
the standard differential-algebraic equation

DY'(1) =)+ F (1), F(t) == MF(1).
Provided that the rank of the matrix ©(t) is complete and Py.(;) = 0,
the latter problem leads to the ordinary differential equation

y'(t) = A(t)E + (1) + o(1), ?3)
whose solution

= /tA(s)f ds + /t [(s) + ¢(s)] ds+¢, ¢ eR*P

determines the solution of the matrix Eq. (1), namely,

~JEM ‘4[(
¥ v,
s O

Z(t,¢,§) =M~ /A ) ds + M~ /[g +¢(s)]ds+@m”z
Cpi= M

M"H
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Generalized Green'’s operator of the Cauchy

problem

Here,

P@*(l‘) : R'yé — N(g*(t)), P@(t) : Raﬁ — N(@(t))
are orthoprojector matrices,
©(t) € D?[g; b] is an arbitrary vector function, and

A(t) =D (1), F(t) =D ()F(1), ¥(t) = Poye(t) € D*[a; b].

Provided that the rank of the matrix ©(t) is complete, the inclusion
D*(t) € D?[a; b] takes place.

Note that the ordinary differential equation (3) is equivalent to the
matrix equation
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Generalized Green'’s operator of the Cauchy

problem

Provided the completeness of the rank of the matrix ©(t) and under
condition Pr+b = 0 the general solution

Z(t,6;) = W(t,c,) + K[F(s); ()] (1), € R?

of the Cauchy problem Z(a) = Cy(b) + Cy(c,) for system (1) deter-
mines the generalized Green’s operator

K[F(s); p(s)](t) ==
t t
VE / A(S)E(b) ds + M / [5(5) + (s)] ds+ Ci(b)
of the matrix Cauchy problem Z(a) = C;(b) and
W(t, c,) = Ci(c,) + M1 /tA(s)g(cp) ds T,

is the general solution of the Cauchy problem Z(a) = Ci(c,) MM
for the homogeneous part of Eq. (1). "
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Generalized Green’s operator for problem (1), (2)

Let .
eV err, j=1,2, ..

denote the natural basis of the space R”. Substituting the solution
of (1) into boundary condition (2), we get the problem of finding so-
lutions

P
c,=>» 00w eR’, weR' j=1.2
of the matrix equation of the Sylvester type

LW(-,c,) + LE[F(s); p(S)] () = A € RV, (4)
Thus, the following sufficient condition for the solvability of the
boundary-value problem for the matrix integral-differential

\
system unsolved with respect to the derivative, is proved. MM
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Sufficient condition for the solvability

In the critical case (Po+ # 0) under conditions
Pn-b=0 and Pg:M{2— LK[F(s);¢(s)](-)} =0,

and provided the completeness of the rank of the matrix D(t), for
an arbitrary vector function o(t) € D?[g; b] the solution

Z(t,cr) = W(t,c:) + G[F(s);o(s); 2] (t), ¢ eR’

of the system (1), which satisfies the boundary condition (2)
determines the generalized Green'’s operator

G[F(s); ¢ Ql](t) =
=M" / A(S)E(Cy(A, F)) ds + Ci(cy(A, F)) + K[F(s): ¢(s)](t)




Sufficient condition for the solvability

and the general solution of the homogeneous part of the problem
(1), (2), namely,

W(t,c;) == Ci(c,(cr)) + M~ /tA(S)é(Cp(Cr)) ds;
here,
IC[F(S); w(s)](t) =

t t
- M / A(S)€(b) ds + M~ / [5(5) + ¥(s)] ds+ Ci(b)

is the generalized Green'’s operator of the Cauchy problem
Z(a) = Cy(b) for the matrix integral-differential system (1).
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Thank you for your attention!
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