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Linear system with output

z = Az + Bu,
y=Cz

(%)

z(t) € H — state vector, u(t) — control, y(t) — output,

H — Hilbert space, u(t) and y(t) are finite-dimensional vectors.

Luenberger observer
(Q) 2(t) = (A — FC)z(t) + Bu(t) + Fy(t),

A, B, C are given operators.

Problem: how to construct F, such that

llz(t) — 2(t)]| = 0 as t— +oc0?

Observation error: e(t) = z(t) — 2(t).
(©) Error dynamics:  é(t) = (A — FC)e(t).

Observer convergence: ||e(t)|| — 0 as t — oco.




z=Az+ Bu
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y=0C
2(t) = ( 757 ) € H = ¢% x £? — state vector, u=(Fo,My,...,M)T € RF1 — control,
. Rkl _(0 . pk+l 2

E=(&,&, ) € n=(mm,...) €6 B I = [, B”_(Blu)' 8 I3TE = &%
b b1 ... by

A:D(A) — H, L. oo

(A) B = bag boy boy , ij%-<oo,i:0,...,k,
. . . . =1
oo
D(A):{z:( f] ) €H: zw}(g}+n})<oo},
j=1 y € R" — output,
A:z:(g)b—)Az:(Qgg), C:H— R, Cz=CE G : 62 =R,
n _

1 <2

Q = diag(wy, w3, ...)- . . . oG

g(w1, w2, --) a=| : o : s X6 <€ce =Mooyl
. o j=1
Cr1 Cr2
The diagonal entries w; of Q are mutually distinct positive real numbers such that
(A1) O<w <wp < - <wp<.nn




The operator A generates the Cy-semigroup {e’A} on H.
t>0

_). _( & R 20,2 2 _ PP g defined in H-
D(A)=4qz= EH: Y wj(ﬁj +nj) < oo @H=14£°XZ£ = Ais densely-defined in H;
=1

n

(Az,z)y =0 forany z € D(A) = Ais dissipative;

inverse operator: AL H 5 H, A_1:< 9 = >, ﬂlzdiag(u%,u%,...);

A 0

A~ lis bounded: |[A~!z|? < % Iz, VzeH = Aisclosed.

“1

Resolvent: R(XA;A) = (I — M)~ : H — H,

. Ry
R()\,A)_< fy
Ry = di L Ry = di
= dia, s J=1025000 || 5 = dia,
1 g A1 J 2 g

The resolvent of A is well-defined for any z € H = A is maximal.
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j=1,2,...> for some X > 0.




The operator A generates the Cy-semigroup {etA}t>0 on H.
>

The operator A is
v densely-defined in H,
v/ closed,
v m-dissipative.

Lumer—Phillips theorem?: A is infinitesimal generator of Cp-semigroup {etA}t>0 on H.
P

?Lumer G., Phillips R. S. (1961). Dissipative operators in a Banach space. Pacific J. Math., 11, 679-698.




z = Az + Bu,
(%)
y=Cz,
(@) 3(t) = (A — FC)z(t) + Bu(t) + Fy(t),
fu ... fy g1 ... &ir
f .. b S
F:(;):R’—)H, - 2l R 2, g | & er | o p
(21) =G G5=0, =06 [=12..0,

~s > 0 are gain parameters.

For any initial conditions z(0), Z(0) € H and any admissible control u : [0, +00) — RK*1, the corresponding solutions z(t) and Z(t) of (X) and (Q2) satisfy

[lz(t) — 2(t)|]| = 0 ast — 4oo.
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Observation error:  e(t) = z(t) — z(t), e(t) = s ) A= ) 6=
(©) Error dynamics:  é(t) = (A — FC)e(t).

Observer convergence: |[le(t)|| — 0 as t — oco.

Goal: e(t) = 0 is asymptotically stable.

oo
W(e) = Z(Aj2 —+ 6}) — positive definite quadratic form on H,
=1

its time derivative along the trajectories of (©) with

(1) =aaw G=0 5=LF [f=LB., %>0

7

2
o = A
is W(e) D= -2 (,z:; csjAj> <0, forall ( s ) € D(A).

s=1

Stability follows from the Lyapunov direct method.




(A2) The series E j is convergent.
=

—

R(A;A—FC):( S )

R® R*
RL = X _ -1 — 5 R3 = JRI
Ji >\2+WJZ >‘2+wl s%"l’ys 5o Csipi — i | » i jis
2 _ _ 1 Aw; _ 1 “j
Rk io? | 322 ’%,; YsMgp 5y — ‘*’151') » Ri=-— Tia? (Azﬂ, E YsMay esj i + A&,,) )
= =il =il
= (Msp) = Ayp 2 /\;’er‘z +8p, s, p=1r M7t =(MZY, [[MTY <1+ O(X) as XA — 0.

Jri=1 <) s,p=1

2
o0
IRXA-FOIP<2 & ﬁ; (w. ( > Mg, cs,c,,,) +2) < oo,
;

R(X\;A— FC): H — H is a compact operator for small A > 0.

If (A2) holds, then each positive semitrajectory {e(t)}t>0 of é(t) = (A — FC)e(t) is precompact in H.




(A3) The only invariant subspace of Ker C under the action of the semigroup {etA} - is the singleton {0}.
t=

(A4) For each j € N, there exists an s = 1, r such that ¢ # 0.
(©) é(t) = (A — FC)e(t).

S = {e:W(e) EO} = Ker C,
r oo 2
Wie) = -2 s (Z csjAj) =0 (vs>0), = Ce(t)=0.
s=1 J=1

Asymptotic stability follows from the Barbashin—Krasovskii-LaSalle theorem D

aBarbashin, E. A., Krasovskii, N. N. (1952). On the stability of motion in general. In Proceedings of the Academy of Sciences of the USSR, 86 (3), 453 — 456.
bLaSaIIe J. P. Stability theory and invariance principles // Dynamical systems. — 1976. — Vol. 1. — P. 211-222.




If
(A1) O<w <wp < - <wp< ...,

8

(A2) L < oo,
@i

i

(A3) The only invariant subspace of Ker C under the action of the semigroup {etA} - is the singleton {0},
t=

(A4) For each j € N, there exists an s = 1, r such that (o #0,

i .. fiy g .- &
f . R
the components of the operator F = < " > :R" — H are defined as f = 28 for RN — 22, g = 2L 2 ‘R — H,
(1) fis = vsCsj, &s =0, vs>0, s=1,r, j=12,...,
then the trivial solution e = 0 of
©) é(t) = (A — FC)e(t).

is asymptotically stable.
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Flexible structure oscillations

Euler—Bernoulli beam equation:
k
pin(x, t) + Elw"" (x,8) = 3" ()M;,  x € (0,0)\ {4}, (€)
i=1
wix,t) € C2([0, 4] x [0, 7]), = > 0;

" "

x=0

W‘ = W| =0,
x=0 x=£

— El (W///
x=£o

El >0,p>0,m>0, 3 >0,
¥ € C2(0,€), supp; N{0,€0,0} =0,i=1,2,...,k
(Fo, My, ..., M) T — control.

e =0 @)

| o) o
x=£0+0

x=£g—0

(mw + »w)

Mechanical parameters

£ = 1.875 m — length of the beam, £y = 1.4 m,

E=7.1-100 pa— Young modulus,

| = 1.6875 - 1010 m* — cross-sectional inertia moment,

p = 2660 - 2.25 - 10~ kg/m — linear density,

m = 0.045 kg — mass of the shaker, 3¢ = 2630 N/m — stiffness of the spring,
Fo — force applied by the shaker at x = £g,

M, ..., My — torques of piezoactuators,

1, ..., Y — shape functions (distribution of actuators).
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Outcomes

= |uenberger-type observer design that allows to asymptotically reconstruct the full state of a
diagonal system in the infinite-dimensional space operating by a finite number of outputs.

= Asymptotic stability of the error dynamics.
= The observer admits arbitrarily large inputs and unbounded outputs.

= For a particular flexible structure, the observer parameters are evaluated in terms of eigenvalues
and eigenfunctions of the corresponding spectral problem.

= The estimation of the error decay rate is an open question.
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