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Absract of results

Our research was devoted to the study of the Beltrami equation with
sources that is a complex form of one of the main equations of hy-
dromechanics (fluid mechanics) in anisotropic and inhomogeneous
media, see e.g. Theorem 16.1.6 in the monograph Astala, K., Iwaniec,
T., Martin, G.J. (2009) Elliptic differential equations and quasiconformal
mappings in the plane. Princeton Math. Ser. 48. Princeton: Princeton
Univ. Press. First of all, we investigate existence and regularity of
solutions to these equations.

Then we establish a series of effective integral criteria of the type
of BMO, FMO, Calderon-Zygmund, Lehto and Orlicz on singularities
of the equations at the boundary for existence, representation and
regularity of its solutions. Moreover, we prove existence, represen-
tation and regularity of weak solutions of Dirichlet's problem for the
corresponding Poisson type equations div[A(z)Vu(z)] = g(z) with
matrix valued coefficients A(z).
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Absract of results

Finally, we obtain theorems on existence, representation and regu-
larity of nonclassical solutions to the Beltrami equations with sources
for the well-known Hilbert and Riemann problems whose coefficients
and boundary dates are measurable with respect to logarithmic ca-
pacity under geometric interpretations of the boundary values in the
sense of angular limits, along non-tangential paths, and along the
Bagemihl-Seidel systems of arcs to the boundary.
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Introduction

We first study the Dirichlet problem of the Bojarski-Vekua type

Ii_rlﬂC Rew(z) = ¢(¢) V(e dD )
with continuous boundary data ¢ : 9D — R in arbitrary bounded
domains D in the complex plane C with no boundary component de-
generated to a single point for the inhomogeneous Beltrami equa-
tions

w; = w(z) - w, + o(z), z€D, (2)

with sources o : D — CinL,, p > 2, where i : D — C is a measur-
able function with |p(z)| < 1 a.e., w; = (wx +iwy)/2, w, = (wx —iwy)/2,
z = x+1y, wy and wy are partial derivatives of the function w in x and
y, respectively.
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Introduction

In such domains D, we also prove theorems on existence, represen-
tation and regularity of solutions for the classical Dirichlet problem

lim u(z) = ¢(¢) V¢e€dD (3)
z—(
with continuous boundary dates ¢ : 9D — R to the Poisson type
equations

div[A(z)V u(z)] = g(z) (4)
with sources g : D — RinL,(D), p > 1.

Note that the corresponding examples show that the request on do-
mains D to have no boundary component degenerated to a single
point is necessary. Thus, our results on the Dirichlet problem (3) to
the Poisson type equations (4) were obtained by us in the most gen-
eral admissible domains.
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Introduction

For the case |||l < 1, equation (2) was first introduced by L. Ahlfors
and L. Bers (1960). We study the case of locally uniform ellipticity
of the equation when its dilatation quotient K, is bounded only
locally in D,

_ LA |p(2)]
Ku(z) = ma

i.e., if K, € Lo on each compact set in D but admits singularities
at the boundary. A point ¢ € 9D is called a singular point of the
equation (2) if K, ¢ L., on each neighborhood of the point.

First of all, we show that, if D is an arbitrary simply connected do-
main in C, then the Dirichlet problem (1) to the equation (2) has a
solution w in class Wllcﬁ(D) for a wide circle of singularities of (2) at
the boundary. Moreover, it is unique up to an additive pure imagi-
nary constant, and it can be represented through the so-called gen-
eralized analytic functions with sources.

V. Gutlyanskit, O. Nesmelova, V. Ryazanov Nonclassical solutions of Eq. of Math. Phys. 15.11.2023



Introduction

Recall that the Vekua monograph was devoted to generalized an-
alytic functions, i.e., continuous complex valued functions H(z) of
one complex variable z = x+iy of class Wllo’(lz in a domain D satisfying
the equations

%H + aH + bH = S, 8; = (0 +10y)/2

with complex valued coefficients a,b,S € Ly(D), p > 2. A function
H is called a generalized analytic function with the source S if
a=0=h.

Then we establishe similar theorems on existence, representation
and regularity of the so-called multi-valued solutions of the Dirichlet
problem (1) with continuous boundary data ¢ : 9D — R to the Bel-
trami equations with sources (2) in arbitrary domains D in C without
any boundary components degenerated to a single point. We say
thatafunctionh : D — R is a weak generalized harmonic function
with a source S in D, if h = ReH for a generalized analytic function
H with the source S.
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The main lemma in simply connected domains

It is well known that the homogeneous Beltrami equation
fz = u(z)f, (5)

is the basic equation in analytic theory of quasiconformal and quasi-
regular mappings in the plane with numerous applications in nonlin-
ear elasticity, gas flow, hydrodynamics and other sections of natural
sciences. Note that continuous functions f with generalized deriva-
tive by Sobolev f; = 0 are analytic functions that corresponds to the
case u(z) =0in (5).

The equation (5) is called degenerate if ess sup K, (z) = oo. Itis known
that if K, is bounded, then the equation has homeomorphic solu-
tions in Wll(ﬁ called quasiconformal mappings. Recently, a series
of effective criteria for existence of homeomorphic solutions in W:-*

loc

have been also established for the degenerate Beltrami equations.
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The main lemma in simply connected domains

These criteria were formulated both in terms of K, and the more
refined quantity that takes into account not only the modulus of the
complex coefficient p but also its argument

=l

KY(z,20) = "~ =
g 1—|u(z)]?

called tangent dilatation quotient of Beltrami equations with re-

spect to a point zg € C. Note that

K;l(z) KT(Z 70) <K, (z) VzeD,zeC. (6)

Let D be a domain in the complex plane C. A functionf : D — C
in the Sobolev class W.! is called a regular solution of the Beltrami
equation (5) if f satisfies (5) a.e. and its Jacobian J¢(z) = |f,|>— |fz|> > 0
a.e. By V. Ryazanov, U. Srebro, E. Yakubov (2006) On the theory of
the Beltrami equation. Ukr. Math. J. 58:11, we have the following
statement on the existence of regular homeomorphic solutions f in
C for the Beltrami equation (5).
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The main lemma in simply connected domains

Proposition 1.

Let u : C — C be a measurable function with |u(z)| < 1 a.e. and
K, € L1 10c(C). Suppose that, for each zy € C with eg = (z0) > 0,

KE(Z,ZQ) . wz2078(fz —20]) dm(z) = o(IEO(s)) ase—0 (7)

e<|z—zp|<eo

for a family of measurable functions v, - : (0,e¢) — (0, 00),
€€ (O,E()), with

I,(e) : = /%o,e(t) dt < oo Vee(0,g).

Then the Beltrami equation (5) has a regular homeomorphic
solution f~,

(8)
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The main lemma in simply connected domains

Here dm(z) corresponds to the Lebesgue measure in C and by (6) K,
can be replaced by K,,. We call such solutions {* of (5) u—conformal
mappings.

Let D be a bounded simply connected domain in C, o € L,(D),

p > 2, with compact supportin D, u : D — C be a measurable
function with |u(z)| < 1 a.e., K, be locally bounded in D, K, € L;(D)
and conditions (7) and (8) hold for all zg € dD.

Then the Beltrami equation (2) with the source ¢ has a locally
Hélder continuous solution w in the class W of the Dirichlet

problem (1) in D for each continuous function ¢ : 9D — R that is
unique up to an additive pure imaginary constant.

A
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The main lemma in simply connected domains

Moreover, w =hof, wheref: C — Cis a u—conformal mapping
with 1 extended by zero outside D and h : D, — C is a generalized
analytic function in D, := (D) with the source S of the class Ly, (D)

for some p. € (2,p),
SZ:U~ijOf_1, 9
where J = |f,|2 — |f;|? is the Jacobian of f, that satisfies the Dirichlet

condition

IimC Reh(w) = ¢.(¢) V(€dD,, wherey,:=pof!tsp,.
wW—>

v

We assume here and further that the dilatation quotients K} (z,z)
and K, (z) are extended by 1 outside the domain D.
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The main lemma in simply connected domains

Remark 1.

In tern, the generalized analytic function h with the source S has
the representation h = A + H, where

H(w) — —i/cs(_c‘)Ndm(C), wec,
D

with Hw = S, and A is a holomorphic function in D, with the
Dirichlet condition

“mcj ReA(w) = ¢"(() V(¢e€09D,., wherey*:=¢,—ReH|sp, ,
w—

(10)
H is a,—Holder continuous in D, with o, =1 — 2/p, and

H|p, € W!P+(D,). Note, f and f~! are locally quasiconformal
mappings in D and D, respectively.

.
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The main lemma in simply connected domains

If a family of functions 1, -(t) = ¥, (t), zo € 9D, in Lemma 1 is
independent on ¢, then condition (7) implies that I,,(¢) — oo as
e — 0. Note also that (7) holds, in particular, if, for some ey = (zp),

/K(zzo) 2 (la—ml)dm(z) <o  VzedD (1)

|z—z0|<eo

and I (¢) — oo as € — 0. In other words, for the solvability of the
Dirichlet problem (1) in D for the Beltrami equations with sources
(2) for all continuous boundary functions ¢, it is sufficient that the
integral in (11) converges for some nonnegative function v,,(t) that
is locally integrable over (0, eo] but has a nonintegrable singularity
at 0. The functions log*(e/|z — zg|), A € (0,1), z € D, zy € dD, and

P(t) = 1/(t log(e/t)), t € (0,1), show that the condition (11) is
compatible with the condition I,,(¢) — co as e — 0.
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The main criteria in simply connected domains

Lemma 1 makes it to be possible to derive a number of effective in-
tegral criteria for solvability of the Dirichlet problem to the Beltrami
equations with sources.

Recall first that a real-valued function u in a domain D in C is said
to be of bounded mean oscillation in D, abbr. u € BMO(D), ifu €
LL (D) and

loc
1
Jull i=sup 5 [ 1)~ ] dn(e) < oo, (12)
B |Bl
B
where the supremum is taken over all discs B in D and
|
up = — [ u(z)dm(z).
B
B
We write u € BMOj..(D) if u € BMO(U) for each relatively compact

subdomain U of D. We also write sometimes for short BMO and
BMO),, respectively.
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The main criteria in simply connected domains

The class BMO was introduced by John and Nirenberg (1961) and
soon became an important concept in harmonic analysis, partial dif-
ferential equations and related areas. A function ¢ in BMO is said to

have vanishing mean oscillation, abbr. ¢ € VMO, if the supremum
in (12) taken over all balls B in D with |B| < ¢ convergesto 0 ase — 0.
VMO has been introduced by Sarason in 1975. There are a number
of papers devoted to the study of partial differential equations with
coefficients of the class VMO.
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The main criteria in simply connected domains

Note that by Brezis-Nirenberg (1995) W 12 (D) ¢ VMO (D).

Following Ignatev-Ryazanov (2005), we say that a function o : D — R
has finite mean oscillation at a point zy € D, abbr. ¢ € FMO(z), if

Tim (2) — B-(20)| dm(z) < 0, (13)

€20 J B(zo.e)

where

Felzo) = ][ BIRCLU0

is the mean value of the function ¢(z) over the disk

B(zo,¢) :={z € C: |z — 29| < e}. Note that the condition (13)
includes the assumption that ¢ is integrable in some neighborhood
of the point z,.

v
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Proposition 2.
If, for a collection of numbers ¢. € R, € € (0, 0],

The main criteria in simply connected domains

lim |#(2) — e dm(z) < o0,

e—0 B(Zo,s)

then ¢ is of finite mean oscillation at z.

In particular, choosing here ¢. = 0, we obtain the following.

Corollary 1.

If, for a point z; € D,

Tim ][ lo(2)] dm(z) < oo, (14)
B(z0,¢)

e—0

then ¢ has finite mean oscillation at z.
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The main criteria in simply connected domains

Recall that a point zp € D is called a Lebesgue point of a function
¢ :D — Rif pisintegrable in a neighborhood of z; and

im f @) =l dm() =0,

e—0

Itis known that, almost every pointin D is a Lebesgue point for every
function ¢ € Li(D). Thus, we have by Proposition 2 the next corol-

lary.

Every locally integrable function ¢ : D — R has a finite mean
oscillation at almost every point in D.
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The main criteria in simply connected domains

Remark 4.
Note that the function ¢(z) = log (1/|z|) belongs to BMO in the unit
disk A, and hence also to FMO. However, ¢.(0) — cc ase — 0,
showing that condition (14) is only sufficient but not necessary for a
function ¢ to be of finite mean oscillation at z,. Clearly,

BMO(D) € BMOjoc(D) € FMO(D) and as well-known BMOj,. C L} .
for all p € [1,00). However, FMO is not a subclass of L} . for any

p > 1 but only of L{. .. Thus, the class FMO is much more wider than
BMOoc.

V

Versions of the next lemma has been first proved by us for the class
BMO.
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The main criteria in simply connected domains

Let D be adomainin C and let ¢ : D — R be a non-negative
function of the class FMO(zy) for some zy € D. Then

@(Z)dm(zz )2 =0 (Ioglog é) as ¢—0

e<|z—zo|<eo (‘Z B ZO‘ log |z—2zo|

for some g0 € (0, (50) where ¢y = min(e_e, d()), dg = sup ‘Z = Zo‘.
z€D

v

Recall that we assume further that the dilatation quotients K (z, z)
and K, (z) are extended by 1 outside the domain D.

Choosing ¥(t) = 1/ (t log(1/t)) in Lemma 1, see also Remark 1, we
obtain by Lemma 2 the following result with the FMO type criterion.
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The main criteria in simply connected domains

Let D be a bounded simply connected domain in C, o € L,,(D),

p > 2, with compact support, ¢ : D — C be a measurable function
with |u(z)| < 1 a.e., K, be locally bounded in D, K, € L;(D),

K} (z,20) < Qq(z) a.€. in Uy, for each point z, € 9D, a neighborhood
U,, of zy, a function Q,, : U,, — [0, o] in the class FMO(z).

Then the Beltrami equation (2) with the source o has a locally
Hélder continuous solution w in the class W, of the Dirichlet
problem (1) in D for each continuous function ¢ : 9D — R that is
unique up to an additive pure imaginary constant.

Moreover,w =hof, h:= A+ H,wheref: C — Cis a u—conformal
mapping with 1 extended by zero outside D, H: D, —+ Cisa
generalized analytic function in D, := f(D) with the source S
calculated in (9) and A is a holomorphic function in D, with the
Dirichlet condition (10).
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The main criteria in simply connected domains

By Corollary 1 we obtain the following consequence of Theorem 1.

Corollary 3.

Let D be a bounded simply connected domain in C, o € L,(D),

p > 2, with compact support, x : D — C be a measurable function
with |u(z)| <1 a.e., K, be locally bounded in D, K,, € L(D) and, for
each point zg € 9D,

Ilm][ K'Y (2,20)dm(z) < 0.
T o Ki@a)dmG)
Then all the conclusions of Theorem 1 on solutions for the Dirichlet
problem (1) with arbitrary continuous boundary data ¢ : 9D — R to
the Beltrami equation (2) with the source ¢ hold.

V.
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The main criteria in simply connected domains

Since K} (z,70) < K,(z) for all zand zy € C, we also obtain the follow-
ing consequences of Theorem 1 with the BMO type criterion.

Corollary 4.

Let D be a bounded simply connected domain in C, o € L,(D),

p > 2, with compact support, . : D — C be a measurable function
with |u(z)| < 1 a.e., K, be locally bounded in D and K, have a
dominant Q € BMO in a neighborhood of 9D. Then the conclusions
of Theorem 1 hold.

In particular, the conclusions of Theorem 1 hold if @ € W!? in a
neighborhood of 9D, because of W2 ¢ VMO.
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The main criteria in simply connected domains

Let D be a bounded simply connected domain in C, o € L,,(D),

p > 2, with compact support, 1 : D — C be a measurable function
with |u(z)| < 1 a.e., K, be locally bounded in D and K, have a
dominant Q € FMO in a neighborhood of dD. Then the conclusions
of Theorem 1 hold.

Similarly, choosing in Lemma 1 the function ¢(t) = 1/t, see also Re-
mark 1, we come to the next statement with the Calderon-Zygmund
type criterion.

Let D be a bounded simply connected domain in C, o € L,(D),

p > 2, with compact support, i : D — C be a measurable function
with |u(z)| < 1 a.e., K, be locally bounded in D, K,, € L(D) and, for
each point zg € 9D and gy = e(zp) > 0,
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The main criteria in simply connected domains

2
/ KE(Z’ZO);H(ZZO)P:O([bgi] ) ase —0. (15)

6<|z—zo\<60

Then the Beltrami equation (2) with the source ¢ has a locally
Hélder continuous solution w in the class W of the Dirichlet

problem (1) in D for each continuous function ¢ : 9D — R that is
unique up to an additive pure imaginary constant.

Moreover,w =hof, h:= A+ H,wheref: C — Cis a u—conformal
mapping with 1 extended by zero outside D, H: D, —+ Cisa
generalized analytic function in D, := f(D) with the source S
calculated in (9) and A is a holomorphic function in D, with the
Dirichlet condition (10).
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The main criteria in simply connected domains

Remark 6.

Choosing in Lemma 1 the function ¢(t) = 1/(tlog 1/t) instead of
¥(t) = 1/t, we are able to replace (15) by the conditions

KE(Z, 70) dm(Z)>2 —5 ([Iog log i] 2) YV zg € 9D

1
e<|z—zo|<eo (|Z B Z0| log [z—2z0]

as e — 0 for some gy = ¢(zp) > 0. More generally, we would be able
to give here the whole scale of the corresponding conditions in log
using functions v (t) of the form

1/(tlog1/t-loglogl/t-...-log...log1/t).

Choosingin Lemma 1 the functional parameter 4, (t) := 1/[tkE(z0,t)],
where k[ (z,r) is the integral mean of K[ (z,7) over the circle
S(zo,r) := {z € C: |z— 29| = r}, we obtain the Lehto type crite-
rion.

V.
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The main criteria in simply connected domains

Let D be a bounded simply connected domain in C, o € L,(D),

p > 2, with compact support, 1 : D — C be a measurable function
with |u(z)| < 1 a.e., K, be locally bounded in D, K,, € L(D) and, for
each point zg € 9D and gy = €(zp) > 0,

€0

/ dr
—— = 0.
rkE(zo,r)

0

Then the Beltrami equation (2) with the source ¢ has a locally
Hélder continuous solution w in the class W of the Dirichlet

problem (1) in D for each continuous function ¢ : 9D — R that is
unique up to an additive pure imaginary constant.

A
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The main criteria in simply connected domains

Moreover,w =hof, h:= A+ H,wheref: C — Cis a u—conformal
mapping with n extended by zero outside D, H: D, — Cis a
generalized analytic function in D, := f(D) with the source S
calculated in (9) and A is a holomorphic function in D, with (10).

Corollary 6.

Let D be a bounded simply connected domain in C, o € L,(D),
p > 2, with compact support, i : D — C with |u(z)| < 1 a.e., K, be
locally bounded in D, K,, € L(D) and, for each point zy € 9D,

1
k! (z0,€) = O <Iog 5) ase — 0. (16)

Then all conclusions of Theorem 3 on solutions for the Dirichlet
problem (1) with arbitrary continuous boundary data ¢ : 9D — R to
the Beltrami equation (2) with the source ¢ hold.

V.
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The main criteria in simply connected domains

In particular, the conclusions of Theorem 3 hold if

KE(Z,Z()) =0 (Iog > as z—zg VzgedD.

|z — 2|

Moreover, the condition (16) can be replaced by the series of
weaker conditions

1 1 1
kE(zo,s):O<[|og-|oglog-...~Iog...|og]> Vzy € 0D .
€ € €

’

Applying interconnections between integral conditions stated in V.
Ryazanov, U. Srebro, E. Yakubov. Integral conditions in the theory of
the Beltrami equations. Complex Var. EllipticEqu. 57:12,2012, 1247-
1270, we obtain from Theorem 3 the following significant result with
the Orlicz type criterion.
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The main criteria in simply connected domains

Theorem 4.

Let D be a bounded simply connected domain in C, o € L,(D),

p > 2, with compact support, 1 : D — C be a measurable function
with |u(z)| < 1 a.e., K, be locally bounded in D, K,, € L(D) and, for
each point zg € 9D and a neighborhood U,, of z,

/ ®,, (K (2,20)) dm(z) < o0,

Usg

where ®,, : (0,00] — (0, 00] is @ convex non-decreasing function
such that

dt
log ®,,(t) =z = +oo for some A(zp) > 0.

> =
A(zo)

A
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The main criteria in simply connected domains

Then the Beltrami equation (2) with the source ¢ has a locally
Hélder continuous solution w in the class W2 of the Dirichlet
problem (1) in D for each continuous function ¢ : 9D — R that is
unique up to an additive pure imaginary constant.

Moreover, w =hof, h:= A+ H, wheref: C — Cis a u—conformal
mapping with u extended by zero outside D, H: D, — Cisa
generalized analytic function in D, := f(D) with the source S
calculated in (9) and A is a holomorphic function in D, with the
Dirichlet condition (10).
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The main criteria in simply connected domains

Corollary 7.

Let D be a bounded simply connected domain in C, o € L,(D),

p > 2, with compact support, x : D — C be a measurable function
with |u(z)| < 1 a.e., K, be locally bounded in D, K,, € L(D) and, for
each point zg € 9D, a neighborhood U, of zg and a(z) > 0,

/ e(#0)Kj (2,20) dm(z) < 00 .
U
Then all conclusions of Theorem 4 on solutions for the Dirichlet

problem (1) with continuous data ¢ : 9D — R to the Beltrami
equation (2) with the source ¢ hold.

A
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The main criteria in simply connected domains

Corollary 8.

Let D be a bounded simply connected domain in C, o € L,(D),

p > 2, with compact support, ¢ : D — C be a measurable function
with |u(z)| < 1 a.e., K, be locally bounded in D and, for a
neighborhood U of 9D,

/ & (K,(7)) dm(z) < oc , (17)
U

® : (0,00] — (0,00] is a convex non-decreasing function for ¢ > 0,

oo

/Iog ¢(t)% = +o0. (18)
6

All conclusions of Theorem 4 on solutions for the problem (1) with
0 : 0D — R to the Beltrami equation (2) with the source o hold.
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The main criteria in simply connected domains

Remark 8.

By Theorems 2.5 and 5.1 in article mentioned before Theorem 4,
condition (18) is not only sufficient but also necessary to have the
regular solutions of the Dirichlet problem (1) in D for arbitrary
Beltrami equations with sources (2), satisfying the integral
constraints (17), for all continuous functions ¢ : 9D — R because
such solutions have the representation through regular
homeomorphic solutions f = f* of the homogeneous Beltrami
equation (5) from Proposition 1.
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The main criteria in simply connected domains

Corollary 9.

Let D be a bounded simply connected domain in C, o € L,(D),

p > 2, with compact support, i : D — C be a measurable function
with |u(z)| < 1 a.e., K, be locally bounded in D and, for a
neighborhood U of 9D and a > 0,

/e"‘K”(Z) dm(z) < oo.
U
Then all conclusions of Theorem 4 on solutions for the Dirichlet

problem (1) with continuous data ¢ : 9D — R to the Beltrami
equation (2) with the source ¢ hold.

A
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On multi-valued solutions in general domains

In this section we formulate the main lemma and its consequences
on the existence, representation and regularity of the so-called multi-
valued solutions w of the Dirichlet problem (1) to the Beltrami equa-
tions with sources (2) in the spirit of the theory of multi-valued ana-
lytic functions in arbitrary bounded domains D in C with no bound-
ary component degenerated to a single point.

We say that a locally Hélder continuous function w : B(zg,2¢) — C,
where B(z,e9) C D, is a local regular solution of the equation (2)
if w € W2 and w satisfies (2) a.e. in B(z, ). Local regular solutions
wo : B(zo,e0) — C and w, : B(z.,e.) — C of the equation (2) will
be called extension of each to other if there is a finite chain of its
local regular solutions w; : B(z,ei) — C,i=1,...,m, such that w; =
wo, wm = wx and wi(z) = wit1(z) for all points z € E; := B(z,&;) N

B(Zi+1,€j+1) # @, 1= 1, ,m — 1.
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On multi-valued solutions in general domains

A collection of local regular solutions w; : B(zj,¢;) — C, j € J, will
be called a regular multi-valued solution of the equation (2) in D
if the collection of the disks B(z;j, ¢;) cover the domain D and wj are
extensions of each to other through this collection and the collection
is maximal by inclusion.

A regular multi-valued solution of the equation (2) will be called a
regular multi-valued solution of the Dirichlet problem (1) to (2)
in D if u(z) = Rew(z) = Rewj(z), z € B(z,¢5), j € J, is a single-valued
function in D satisfying the Dirichlet condition Iieng u(z) = ¢(¢) for all

¢ € 0D.
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On multi-valued solutions in general domains

Let D be a bounded domain in C with no boundary component
degenerated to a single point, o € L,(D), p > 2, with compact
supportin D, p: D — C be a measurable function with |u(z)| < 1
a.e,, K, be locally bounded in D, K, € L;(D) and, for each point
zo € 0D and gy = e(z) > 0,

KT (z z9) - 1/JZ0 |z — 2z0]) dn(z) = O(IZO(E)) ase — 0,

6<\z—zo\<60

where v, . : (0,e09) — (0, 00) is a family of measurable functions
such that

I, (e /wzo (t)dt < o0 Ve e (0,&).

.
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On multi-valued solutions in general domains

Then the Beltrami equation (2) with the source o has a regular
multi-valued solution w of the Dirichlet problem (1) in D for each
continuous function ¢ : 9D — R that is unique up to an additive
pure imaginary constant.

Moreover,w =hof, h:= A+ H,wheref: C — Cis a u—conformal
mapping with 1 extended by zero outside D, H: D, —+ Cisa
generalized analytic function in D, := f(D) with the source S
calculated in (9) and A is a multi-valued analytic function in D, with
a single valued real part satisfying the Dirichlet condition (10).

Remark 9.

In this case, Lemma 3 implies the same integral criteria as in
Theorems 1-4, Corollaries 3-9, Remarks 5-8 in terms of dilatations
K, and KE Hence we do not give them in the explicit form and
further comments here.
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On multi-valued solutions in general domains

Let us denote by S?*2 the collection of all 2 x 2 matrices with real

a A

ag1 a2

which are symmetric, i.e., a2 = ag, with det A = 1 and ellipticity
condition det (I + A) > 0, where I is the unit 2 x 2 matrix. The latter
condition means in terms of entries of A that (1 + ai1)(1 + a) >
aj2a2].

Now, let us consider in a domain D of the complex plane C the Pois-
son type equations (4), where A : D — S2*2 is a measurable matrix
valued function whose elements ajj(z), i,j = 1,2 are measurable and
locally bounded and first the source g : D — R is a scalar function in
Ll,loc-
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Dirichlet problem for Poisson type equations

It is well-known, see Theorem 16.1.6 in the monograph K. Astala, T.
lwaniec, G.J. Martin (2009) Elliptic differential equations and quasi-
conformal mappings in the plane. Princeton Math. Ser. 48. Prince-
ton: Princeton Univ. Press, nonhomogeneous Beltrami equations (2)
with locally bounded K, are closely connected with the Poisson type
equations (4), where A : D — $?*2 is the measurable matrix valued

function
e
AZ) = | atpts)  [Ltuln)
I=[pE=)P?  1-]u(z)

whose entries aj;;(z) are dominated by K,(z) and, thus, they are lo-
cally bounded.

N
—

RS
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Dirichlet problem for Poisson type equations

Vice versa, locally uniform elliptic (4) with measurable A : D — §2*2
just correspond to nonhomogeneous Beltrami equations (2) with co-
efficients
a1 —ag +i(ai2 +an)

2+an + ax

whose dilatation quotients K,,, are locally bounded.

pa =

As it was before, we assume here that the dilatations KEA(Z, z9) and
K, (z) are extended by 1 outside of the domain D.
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Dirichlet problem for Poisson type equations

Let D be a bounded domain in C with no boundary component
degenerated to a single point, g € Ly(D), p’ > 1, with compact
support, and A : D — S2*2 be a matrix function with its locally
Holder continuous entries.

Suppose also that K,,, € L'(D) and, for each z, € D,

Ky (7:70) - ¥, (I2 = 70l) dm(z) = o(TZ,(¢))  ase—0,

6<|z—zo\<€o

where gy = e(zp) > 0 and v, . : (0,20) — (0, 00) are measurable
functions with

I, (e /wzo,g(t )dt <oco  Vee (0,e).
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Dirichlet problem for Poisson type equations

Then the Poisson type equation (4) has the unique Weak
continuous solution u in the class Ct, N W > N WlOC ya=1—2/p,

for some p > 2 of the Dirichlet problem (3) in D for each continuous
function ¢ : 9D — R.

Moreover,u = Uof, wheref: C — Cis a ua—conformal mapping
with pa extended by zero outside D, U is a weak generalized
harmonic function with the source G of the class L/ (D) in the
domain D, := {(D),

G = %of’1 . Jz2) =52 - &2,

of the class C%, N WP n W2P" in D,, satisfying the Dirichlet
condition

lim Uw) = ¢:(C) VCE€D, ¢ui=v of b, .
W—r
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Dirichlet problem for Poisson type equations

Here u is called a weak solution of the Poisson type equation (4) if

/{<A(Z)VU(Z)7V¢> + g(2)¥(2)} dm(z) = 0 Vv € Cy(D).
D

Remark 10.

Inturn, U := H + N9, where % is the unique harmonic function in
D., satisfying the Dirichlet condition

lim, M) = Q) YGEAD., = e~ Ao,
NE(z) = %/G(W) In|z — w| dm(w) .
D

Furthermore, if g € Ly(D) for p’ > 2, thenu € Cllo’(j/(D) with
o =1-2/p.
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Dirichlet problem for Poisson type equations

Lemma 4 implies the same integral criteria asin Theorems 1-4, Corol-
laries 3-9, Remarks 5-8 from Section 3 in terms of dilatations K, and
KE with u = pa. Hence we do not give them in the explicit form and
further comments here.

As a result, we have a number of effective integral criteria for the
solvability of the classical Dirichlet problem (3) in the most general
admissible domains to one of the main equations (4) of the hydrome-
chanics (fluid mechanics) in anisotropic and inhomogeneous media.
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A short description of the rest of results

In[1], it was established necessary as well as sufficient conditions for
the cavitation atisolated singular points of the Beltrami equations (5)
and existence of continuous solutions of the relevant A—harmonic
equations div[A(z)V u(z)] = 0 in Section 5 independently on the cav-
itation at the isolated singular points of equations (5).

The papers [4] and [5] contain results on existence, representation
and regularity of homeomorphic solutions with hydrodynamic nor-
malization at infinity and of solutions of the Dirichlet problem, cor-
respondingly, to the degenerate Beltrami equations (5).

In [2], it was proved existence, representation and regularity of so-
lutions to the semi-linear nondegenerate Beltrami equations with
nonlinear sources and the relevant semi-linear Poisson type equa-
tions describing various physical phenomena in anisotropic and in-
homogeneous media.
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A short description of the rest of results

The article [6] extends results on existence, representation and reg-
ularity of solutions for the Dirichlet problem to the semi-linear Bel-
trami equations degenerated on the boundary with nonlinear sources
and to the relevant degenerate semi-linear Poisson type equations
in strongly anisotropic and inhomogeneous media.

Finally, the article [7] includes the corresponding results on exis-
tence, representation and regularity of nonclassical solutions of the
Hilbert and Riemann problems with boundary dates that are mea-
surable with respect to logarithmic capacity for the Beltrami equa-
tions with sources.
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