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Random matrices

Definition
A sequence Mn of n× n matrices, which entries are random variables, is
called a random matrix ensemble.

Examples
Non-Hermitian random matrices with independent entries
(Ginibre ensemble if entries are Gaussian)

Mjk = n−1/2wjk,

{wjk}— i.i.d., E{wjk} = 0, E{|wjk|2} = 1, E{w2
jk} = 0

The adjacency matrices of random Erdős–Rényi graphs

Mjk = Mkj =

{
1− δjk with probability pn

n ;

0 with probability 1− pn
n .
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Global regime
Normalized counting measure of eigenvalues (NCM) and linear eigenvalue
statistics

Nn(∆) =
1

n

n∑
j=1

1∆(λ
(n)
j ), Nn[ϕ] =

n∑
j=1

ϕ(λ
(n)
j ) = trϕ(M)

Questions
1 Nn(∆)

w−→ N(∆)

2 Central Limit Theorem for linear eigenvalue statistics

σ = suppN is called a spectrum.

For the Ginibre ensemble

N(∆) =

∫
∆

ρc(z)dz̄ dz, ρc(z) =
1

π
· 1|z|<1.
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Local regime

The spectral correlation functions R(n)
m (z1, . . . , zm) are defined by

E

{ ∑
1≤j1 6=···6=jm≤n

η
(
λ

(n)
j1
, . . . , λ

(n)
jm

)}

=

∫
Cm

η(z1, . . . , zm)R(n)
m (z1, . . . , zm)dz̄1dz1 · · · dz̄mdzm,

where η is any bounded continuous symmetric function.

Universality conjecture

lim
n→∞

πR(n)
m

(
z0 +

ζ1
n
, . . . , z0 +

ζm
n

)
= det

{
e−
|ζj |
2 −

|ζk|
2 +ζjζk

}m
j,k=1
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The correlation functions of the characteristic
polynomials
Let Mn be some ensemble of non-Hermitian random matrices. Consider the
mth correlation function of characteristic polynomials

fm(Z) = E

{ m∏
j=1

det (Mn − zj) (Mn − zj)∗
}
, Z = diag{zj}mj=1

zj = z0 +
ζj√
n
, |z0| < 1

fm(Z) −−−−→
n→∞

?

Some results
Brezin and Hikami (2000, 2001)
Strahov and Fyodorov (2002, 2003); Fyodorov and Khoruzhenko (2006)
T. Shcherbina (2011, 2013, 2014, 2015, 2016, 2017)
Recher, Kieburg, Guhr, and Zirnbauer (2012)
Akemann and Vernizzi (2003); Webb and Wong (2019)
A. (2019, 2020, 2022)
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Sparse random matrices

Ensemble of sparse non-Hermitian random matrices

Mn = (djkwjk)nj,k=1,

where

djk = p−1/2

{
1 with probability p

n ;

0 with probability 1− p
n .

and wjk are independent complex Gaussian random variables with zero mean
such that

E{|wjk|2} = 1.
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The results on the ensenble of sparse random
matrices

For p→∞ the normalized counting measure is the same as for the
Ginibre ensemble.

I Götze, Tikhomirov (2010) for p > n3/4+ε;
I Tau, Vu (2008) for p > nε;
I Basak, Rudelson (2019) for p > (logn)2;
I Rudelson, Tikhomirov (2019) for any p → ∞.

For finite p the convergence of the normalized counting measure was
proven by Sah, Sahasrabudhe, Sawhney (2023).

I. Afanasiev (ILTPE) The corr. func. the of char. polyn. Nov, 2023 7 / 12



The second order correlation function

Theorem (A., Shcherbina: 23)
Consider the normalized second order correlation function

D2(Z) =
f2(Z)√

f2(z1I)f2(z2I)
.

Then we have for finite p
(i) for p > 2

lim
n→∞

D2 (Z) =
1− e−α|ζ1−ζ2|

α |ζ1 − ζ2|
,

where α ∈ [0, 1] is a solution to the equation

pα− p+ 2 = p |z0|2 (1− α)2(p |z0|2 (1− α) + 2).

.

I. Afanasiev (ILTPE) The corr. func. the of char. polyn. Nov, 2023 8 / 12



The second order correlation function

(ii) for 1 < p ≤ 2

lim
n→∞

D2 (Z) =

{
1−e−α|ζ1−ζ2|
α|ζ1−ζ2| , if r∗ < |z0|2 < 1,

1, if |z0|2 < r∗;

where r∗ = 1−
√
p−1
p ;

(ii) for p ≤ 1
lim
n→∞

D2 (Z) = 1.
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Grassmann variables

Let {ψj , ψj}nj=1 be a set of anti-commuting variables, i.e.

ψjψk + ψkψj = ψjψk + ψkψj = ψjψk + ψkψj = 0.

Then for an arbitrary n× n matrix A∫
exp

{
−

n∑
j,k=1

ψjAjkψk

}
n∏
j=1

dψjdψj = detA.
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Thank you for attention!
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