Interface propagation properties
for a nonlocal thin-film equation
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Cracks 1n rocks

The investigation of crack extension in rock massifs is of
great interest in theoretical geology. Cracks can form in
rocks because of various causes of tectonic character, but
also because of some artificial actions (mining excavations,
hydraulic fracture of oil-bearing strata, etc.).



Mathematical model

Az

f * p(rt)

lubrication idea: 4 I
pressure: p(r,t) = —= = [ halz Zt = _ E(- A)Zh(r t)
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Mathematical model

he = ([h]" (p(h))2)z, p(h) = (=A)°h,
where n > 0 and (—A)° denotes the fractional Laplacian of
order s € (0,1).
s = 0 — porous medium equation, s =1 — thin film equation
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e C. Imbert and A. Mellet. Existence of solutions for a

higher order non-local equation appearing in crack dy-
namics. Nonlinearity, 24(12):3487-3514 (2011) (n > 1, s =

1
5)

e R. Tarhini. Study of a family of higher order nonlocal
degenerate parabolic equations: from the porous medium

equation to the thin film equation. J. Differential Equa-
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Weak generalised solutions

[Imbert and Mellet, 2011], [Tarhini, 2015]

he = ([h|" (p(h))z)2 and p(h) = (—=A)"h in Qp,
hy = |h]" (p(h))z =0 on OQp,
h(z,0) = ho(z) >0, hg€ H(Q).

e weak generalised solution

//Q o //Q W ap(ng,
- //Q W) + /Q hoo(x,0) = 0

for all ¢ € D(Q2 x [0,T)) such that ¢, =0 on 9Q x (0,7,

0 < he L0, T; H5(Q) N L0, T; HH(Q)).



Finite speed of propagation

Theorem 1.
Let us assume Q) = (0,1), s € (0,1), n € (1,2), and

supp(ho(-)) € [1/2 — g, 1/2 + 7]

for some ry € (0,1/2). Let h be a weak generalised solution.
Then there exists a time T* > 0 and a non-decreasing func-

tion d(t) € C([0,T7]), with d(0) = ry, such that
supp(h(-,t)) C (1/2 —d(t),1/2+d(t)) C Q for all t € [0,T7],
and

I S
d(t) < ro+ Cot" 2+t for all t € [0, T7],

where Cy > 0 depends on the initial data vy and on n.



Waiting time phenomenon

Theorem 2.
Let us assume that Q2= (0,1), s € (0,1), n € (1,2), and

supp(ho(-)) € [1/2 — 1o, 1/2 + 7],
and

lim sup (5_7<2_")][ h%_"’ dx) < 00 for v > 2(8;1).
d—0T {lx—1/2|<ro+0}

Then there exists a time Ty = Ty(n,ug) such that

supp(h(-,1)) € [1/2 —r,1/2 4 ro] for ¢ € [0,Tp).
Moreover, the waiting time 1s estimated from below by

n

- 2-—n
To = C | sup 5_7(2_@7[ h%_n dx .
6>0 {lz—1/2|<ro+6}



If uy € C'(§2) then we may assume

max holz) < Clz —1/2 — ro|”
2E(1/2,1 /247 +0] @) < Cle =172 =
or

max ho(x) < Cle —1/2 + rgl”,
re|l/2—rg—0,1/2) 0l2) | / ol
where v > 254D 5 o (0,1/2 —1rp), and C' > 0.

n 9

Explicit waiting-time solution:

_ 2(s+1)
hiz,t) = (1 — cnjst) 1/71:5 n

for 0 <n<1+s L
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