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Statement of the problem

We deal with the Caputo fractional derivative of order a € (0, 1)
defined by

5 B 1 0 / w(x,t) — w(x,0)
Diw(xt) = Fi— a)ato/ =y

Consider the following system

Diui(x,t) — Liui(x, t) = fi(u,x, t) in Qr, (1)
ui(x,0) = upi(x) in Q,i € {1,..,n}, (2)
Miui(x, t) = gi(x,t) on St,i € Iy, (3)

ui(x,t) = gi(x,t) on St,i € Ip, (4)



Operators

where L;, M, are strong elliptic and conormal boundary operators
given by
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and N(x) = (N1(x), .., Ng(x)) is the unit outward vector to Q.



Spaces
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here Q; = Q x (t/2,1).




Upper-lower solutions

Definition A pair of functions @ = (@1, .., 4p), u = (uyq, .., u,) are
called coupled upper-lower solutions of the system (1)-(2) if

(i) Tj,u; € CE:“(@T) for any i € {1, .., n},

(i) Ti(x, t) > u;(x, t) for all (x,t) € Qr,i € {1,..,n},

”l) D:U,‘(X, t) - E,‘E{(X, t) 2 f;‘(Vl, cey Vl'*luﬂf) Vigly -y Vny X, t)7
Yvi(j # i) s ui(x, t) < v <T(x, t) in Qr,i € {1,..,n}.

iV) ngi(xu t) - £i£i(x7 t) S fi(vlv cy Vi—lvgh Vigls ey Vny X, t):
VYvi(j # i)t ui(x, t) < v <Tp(x, t) in Qr,i € {1,..,n}.

v) Mi > gi > Miu;,i € Zy; and T > gj > u;, on St,i € Ip.

(vi) Ti(x,0) > up,i(x) > u;(x,0) in Q,i € {1,..,n}.



Main result

Theorem. Let
i) @, u be coupled upper-lower solutions of (1)-(2),

i) fi(u,x,t) € CZ(B,,yp;Cgiz(ér)) for any p > 0 and there exists
a constant K, ; > 0 such that for any (x, t,u), (x,t,v) € By,

[fi(u,x,t) = fi(v,x, t)] < K, ilu—vl|,i € {1,..,n}.
Then for arbitrary fixed T > 0 the problem (1)-(2) has a unique

solution u € Cgto‘(ér) and
i=1 "’

ui(x,t) < ui(x,t) <a(x,t) in Qr, i €{1,..,n}. (5)



Applications

Diu(x,t) — diAu(x, t) = —nu™(x, t)v"(x,t), in Q,
Div(x,t) — diAv(x,t) = —nu™(x, t)v"(x, t), in QT,

ou

v
8—N(x, t) = 8N(X t) =0, on St,

u(x,0) = up(x), v(x,0)=w(x), in Q,

where di, db, r1, r» are fixed positive parameters, m, n > 2.



Assumptions

Assume that

up, Vo € C’B(é),

0<m <uw(x) <M, 0<m<w(x)<M inQ (9

my > %MQ > 0. (10)
2



Large time behaviour

Proposition Let the assumption (9), (10) hold. Then there exist
the unique solution (u, v) to the system (6)-(8) such that

u,ve Cg:a(aT),

C C
mliﬁM2+ 13§U(X,t)§M1*Em2+ 2a
rn 14 tn ) 14 tn
for any (x, t) € Qr,
Cl C2
- <v(x,t) < — for any (x,t) € QT,
e SVt € s forany ()€ Qr

where the constants C;, ¢, depend on m, n, and r;, m;, M;,
i=1,2.
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